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ABSTRACT OF DISSERTATION

RICHARDSON EXTRAPOLATION-BASED
HIGH ACCURACY HIGH EFFICIENCY COMPUTATION
FOR PARTIAL DIFFERENTIAL EQUATIONS

In this dissertation, Richardson extrapolation and other computational techniques
are used to develop a series of high accuracy high efficiency solution techniques for
solving partial differential equations (PDEs).

A Richardson extrapolation-based sixth-order method with multiple coarse grid
(MCG) updating strategy is developed for 2D and 3D steady-state equations on
uniform grids. Richardson extrapolation is applied to explicitly obtain a sixth-order
solution on the coarse grid from two fourth-order solutions with different related scale
grids. The MCG updating strategy directly computes a sixth-order solution on the
fine grid by using various combinations of multiple coarse grids. A multiscale multi-
grid (MSMG) method is used to solve the linear systems resulting from fourth-order
compact (FOC) discretizations. Numerical investigations show that the proposed
methods compute high accuracy solutions and have better computational efficiency
and scalability than the existing Richardson extrapolation-based sixth order method
with iterative operator based interpolation.

Completed Richardson extrapolation is explored to compute sixth-order solutions
on the entire fine grid. The correction between the fourth-order solution and the
extrapolated sixth-order solution rather than the extrapolated sixth-order solution
is involved in the interpolation process to compute sixth-order solutions for all fine
grid points. The completed Richardson extrapolation does not involve significant
computational cost, thus it can reach high accuracy and high efficiency goals at the
same time.

There are three different techniques worked with Richardson extrapolation for
computing fine grid sixth-order solutions, which are the iterative operator based in-
terpolation, the MCG updating strategy and the completed Richardson extrapolation.
In order to compare the accuracy of these Richardson extrapolation-based sixth-order
methods, truncation error analysis is conducted on solving a 2D Poisson equation.
Numerical comparisons are also carried out to verify the theoretical analysis.

Richardson extrapolation-based high accuracy high efficiency computation is ex-
tended to-solve-unsteady-state equations. A higher-order alternating direction im-

www.manaraa.com



plicit (ADI) method with completed Richardson extrapolation is developed for solving
unsteady 2D convection-diffusion equations. The completed Richardson extrapola-
tion is used to improve the accuracy of the solution obtained from a high-order ADI
method in spatial and temporal domains simultaneously. Stability analysis is given
to show the effects of Richardson extrapolation on stable numerical solutions from
the underlying ADI method.

KEYWORDS: Partial differential equations, high-order compact schemes, Richard-
son extrapolation, multiple coarse grids, multiscale multigrid method
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1 Introduction

Computational science and engineering (CSE) is a rapidly growing multidisciplinary
field that deals with the development and application of computational models and
simulations to solve complex physical problems, such as global weather forecasting,
ocean modeling, combustion simulations, automobile crash studies, fluid dynamics,
and oil and gas exploration. Computer modeling and simulation is essential because it
provides the capability to enter fields that are either inaccessible or prohibitively ex-
pensive to carry out traditional experimentation. Since partial differential equations
(PDEs) such as Poisson equation, convection-diffusion equations, and Navier-Stokes
equations form the governing equations of most CSE modeling and simulation appli-
cations, numerical solutions of PDEs, as a key issue, have been the topic of research
interest for many years.

There are two typical steps to solve PDEs through numerical methods. The first
step is to discretize a PDE to obtain a linear system, which changes a continuous
problem into a discrete problem. The commonly used numerical techniques include
finite difference methods, finite element methods, and finite volume methods. The
selection of discretization method for PDEs is application-oriented. The finite dif-
ference methods are useful for simple geometry domains because they are easy to
implement and can reach higher-order accuracy. The finite element methods and fi-
nite volume methods are often applied to complex domains because they are allowed
to use unstructured meshes. The second step is to solve the linear system from the
discretized PDE. Since the resulting linear systems are usually large scale sparse lin-
ear systems, iterative methods stand out because of their easily implementation on
high performance computers and they are faster for large systems if they converge
fast [61]. The solvers for sparse linear systems mainly include basic iterative methods

(Jacobi, Gauss-Seidel, and Successive Overrelaxation), Krylov subspace methods, and
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multigrid methods.

The main goal of the numerical computation is to seek an approximate solution
with acceptable accuracy in the least amount of computing time. As for numerical
solutions of PDEs, the discretization method controls the solution accuracy because
the discretization error becomes dominant when iterative methods converge. The
linear system solver dictates the overall computing time because majority of the run-
time for solving PDEs is spent on solving resulting linear systems. In general, people
who study discretization methods and linear system solvers have their exclusive goals
in mind. The motivation of my research work is to develop and analyze numerical
algorithms for solving PDEs with both accuracy and efficiency goals in mind.

This dissertation mainly focuses on seeking high accuracy and high efficiency
numerical techniques for solving PDEs over simple geometry domains with finite dif-
ference methods. For the purpose of high accuracy, Richardson extrapolation and
high-order discretization schemes, especially high-order compact (HOC) difference
schemes, are utilized. To obtain high efficiency, multiscale multigrid (MSMG) com-
putation, multiple coarse grid (MCG) computation and alternating direction implicit
(ADI) method are involved. The following parts introduce these numerical methods

and computational techniques.

1.1 Richardson Extrapolation Technique

Richardson extrapolation is a sequence acceleration method used to improve the rate
of convergence of a sequence, which was introduced by Lewis Fry Richardson in the
early of the 20th century [56]. In introductory courses of numerical methods, it is
taught as the basis of Romberg integration [11]. To increase the order of accuracy of
numerical approximation through Richardson extrapolation, the numerical approx-
imations using related discretization can be combined to remove the leading order

error term and thus obtain a higher-order numerical approximation.

www.manaraa.com



Assume U(h) is a numerical approximation of order p to an exact solution U*.
The objective is to obtain the exact solution as h goes to 0. With the assumption,

the numerical approximation can be expanded as
Uh) = U* + AR? + O(h**1)

with p being some known constant, A being some other (usually unknown) expression
and independent of i, and O(hP*1) being a sum of terms of order p+ 1 and higher on
h. In order to remove the leading order error term AhP and obtain a more accurate
approximation U (h), consider another numerical approximation with discretization

size rh (r as a given refinement ratio and usually 0 < r < 1)
U(rh) = U* + ArPh? + O(hP*1).

By multiplying U(h) by r? and subtracting off U(rh), the Richardson extrapolation

formula for the improved approximation U (h) is

~ rPU(h) — U(rh)

U(h) = T =U* + O(h"th). (1.1)

If the original numerical scheme does not have an error term of the form A**!, then
the order of accuracy of the extrapolated approximation U (h) is based on the error
term of the next lowest order on h.

The quantity being approximated in the simple formula (1.1) can be anything,
such as an integral, a derivative, a solution to an ordinary differential equation or
a solution to a partial differential equation. It does not require knowledge of the
underlying methodology, except that the order of accuracy must be known. Just like
“black boxes” for many modern computational tools, Richardson extrapolation can
be viewed as a manipulation tool for the input or output of these black boxes without
interfering with the details of the implementation within the black box [9]. Therefore,
it is an efficient computational technique which requires minimal effort to increase the
accuracy. In regards to PDEs, Richardson extrapolation has been used to increase

the.aceuracy,of theirsolutions in [47, 60, 57, 69, 79].
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1.2 High-Order Compact (HOC) Difference Schemes

Traditional finite difference schemes, such as the central difference scheme (CDS)
which computes approximate solutions with second-order accuracy, require very fine
meshes to achieve satisfactory solution accuracy. For large scale simulations and mod-
eling applications in many CSE applications, very fine meshes cause an extremely high
computational cost. In order to curtail the computational cost and to get acceptable
accuracy, large grid spaces with high-order (higher than two) difference schemes are
needed. Using straightforward central differences, higher-order accuracy requires a
larger stencil. This, however, may give rise to a problem at the points close to the
boundaries, and also increases the bandwidth of the coefficient matrix, which makes
fast direct solvers difficult to apply. Therefore, HOC finite difference schemes be-
come noticeable because they are able to offer highly accurate numerical solutions
on relatively coarser grids with greater computational efficiency. Here “compact”
means that these schemes only use the center node and the adjacent nodes in each
dimension. Although HOC difference schemes require more complicated developing
procedures for matrix coefficient computation, they usually generate linear systems
of much smaller size [1, 33].

For the development methods of HOC difference schemes, they can be classified
into two categories. One is known as implicit methods, such as [12, 43], which compute
the solution of the dependent variables and their first and second derivatives at the
same time. The major shortcoming of the implicit methods lies in high computational
cost, especially when the approximations of the first and second derivatives are not
needed for some applications. In addition, they are not stable for certain problems,
which are the computed solutions that may be oscillatory when a large mesh-size is
used [96]. Although using a finer mesh-size may avoid numerical oscillations, it is
contrary to the motivation of using high-order schemes. Another category is called

explicit_methods, which compute the solution of the dependent variables directly
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to avoid redundant computation. Literature [66, 67] shows that explicit schemes
have better stability property and will suppress nonphysical oscillations. However,
compared with implicit compact schemes, high-order explicit compact schemes are

more complicated to develop [35, 94].
1.2.1 Fourth-order compact (FOC) difference schemes

In the past three decades, many fourth-order explicit compact difference schemes were
developed for 2D equations [32, 44, 65, 66, 93, 97| and 3D equations |2, 35, 36, 67, 88,
91, 94]. These fourth-order schemes not only provide high accuracy approximations
with good numerical stability [90], but also work very well with fast iterative solution
methods, e.g., multigrid methods [34, 84, 89, 95].

There are mainly two strategies to develop fourth-order compact (FOC) schemes
explicitly. One is based on the truncated Taylor series expansions, represented by
[2, 32]. Their procedures are based upon giving the approximate value of a function
at a mesh point as a linear combination of the analytic solutions of the differential
equation. The finite difference schemes are obtained by collocation over a set of mesh
points surrounding the given mesh point for which the difference formula is derived.
The process of simplification is straightforward but extremely tedious. Another tech-
nique to develop FOC schemes considers a particular equation and employs CDS
repeatedly. The discretization continues by expanding the leading truncation error
term until a desired order of approximation is reached. The representative methods
are from Spotz and Carey’s work [66, 67].

To illustrate the development process of the HOC scheme, we take a brief in-
troduction to the FOC difference scheme for solving a 1D Poisson equation of the

form

Uz = f(2), 0<z<l, (1.2)

with suitable boundary conditions. A uniform grid with mesh-size A = [/n is con-
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structed, where n is the number of intervals. f(x) is assumed to have the necessary
derivatives up to certain orders. We denote z; = jA, u; = u(z;), and f; = f(x;),

where j = 0,1, ...,n. We have the second-order central difference operator as

— 2Uj + uj—l

A2 ’

Us;
2 j+1
(5116]' =

By using the Taylor series expansions, the second derivative u,, at a grid point j

can be approximated using the central difference operator as

=42 A O(A* 1.3

To get the fourth-order compact approximation, the term O(A*) can be ignored. But,

we cannot drop the term f—;ui, unless it can be approximated further to fourth-order

. 2 . . .
accuracy. Since %ui has an A? factor, the key issue is to approximate the term u

4
T

to second-order accuracy.

we double differentiate Eq. (1.2) to get
Ut = fos. (1.4)

Applying the central difference operator on f,,, we have f., = 62f + O(A?). Hence,

Eq. (1.4) can be approximated to second-order accuracy as
uy = 02 f + O(A?). (1.5)

Substituting (1.5) into (1.3) yields a fourth-order compact approximation for the

second derivative

,  Az?
Upy = 05U —

2 ?ﬁf + O(AY). (1.6)

Hence, the fourth-order compact approximation scheme of the 1D Poisson equation

is

2
62 — Al—zéif = f+O(AY). (1.7)
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1.2.2 Sixth-order compact (SOC) difference schemes

Recently, there has been growing interest in developing sixth-order schemes. By using
Taylor series expansion, Soptz and Carey [67] developed a compact scheme for the 3D
Poisson equation which can achieve sixth-order accuracy only when the derivatives
of source term can be determined analytically. Sutmann used Padé approximation
discussed by Lele [43] on the Taylor expansion for the discretized Laplace opera-
tor to develop sixth-order compact schemes for the 3D Poisson equation [70] and
the 3D Helmholtz equation [71]. Although the schemes need less grid points than
the straightforward expansion approach, they are not fully compact since other grid
points besides center and adjacent points are involved. Chu and Fan [12] proposed
a three point combined compact difference (CCD) scheme for solving 2D Stommel
Ocean model, which is a special convection-diffusion equation. Their scheme can
achieve sixth-order accuracy for the inner grid points and fifth-order accuracy for
the boundary grid points, but it is an implicit scheme which asks to compute the
dependent variables and their derivatives together, resulting in a triple-tridiagonal
system with high computational cost for solution. In addition, the CCD scheme has
a stability problem that, for certain problems with a large mesh-size, the computed
solution may be oscillatory [96]. There are other sixth-order schemes generated sim-
ilarly [53, 42, 77], but all of them share common weak points such as: (1) derivatives
of the source term appeared in the right-hand side which require analytical forms
or approximations for the derivatives with certain order accuracy; (2) non-compact
schemes which may cause problems at near-boundary points; (3) resulting complicated
linear systems which increase the difficulty of choosing effective iterative solvers. As
we know, there is no existing explicit sixth-order compact difference schemes on a
single scale grid [78].

In this dissertation, we aim to study using Richardson extrapolation for sixth-

order compact approximations. Although assumptions of smoothness and monotone
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truncation error convergence in the mesh-size are involved, using Richardson ex-
trapolation to reach sixth-order accuracy is more convenient than developing direct
discretizations [60]. We can avoid complicated stencils, wide bandwidth matrices,
and special considerations for near-boundary points, etc. In addition, highly efficient
solvers for the resulting large sparse linear systems can be easily applied in such sixth-
order methods. Sun and Zhang [69] first proposed to use Richardson extrapolation
to obtain sixth-order solutions. The basic idea is applying Richardson extrapolation
technique to the computed fourth-order solutions on two scale grids to remove fourth-
order leading error terms. As for most uniform FOC schemes, their truncation error
expressions do not have any fifth-order error term, thus the extrapolated solution can
reach the sixth-order accuracy.

For the purpose of illustration, consider the 1D Poisson equation (1.2). The
computational domain has uniform grids denoted by 2. We compute a fourth-order
accurate solution ujA at a grid point j by using the FOC scheme (1.7) on QA with
mesh-size A. After changing the mesh-size to 2A, we compute a similar fourth-order
approximate solution u?A at a grid point 7 on 94. Using the general Richardson
extrapolation formula (1.1) and setting p = 4 and r = 1/2, a sixth-order solution %4

can be computed by

oa (1/2)4u§A — UQA]- _ (16u2Aj — u?A) (1.8)
J (1/2) —1 5 '

Note that the sixth-order solution %2 is computed on the coarse grid Q. Since we
are interested in computing a sixth-order solution on the fine grid Q, we inject @24
from 254 to the corresponding even grid points on 2. Sixth-order solutions at odd
grid points on A can be computed by using some appropriate interpolation. Fig.

1.1 illustrates this process.

1.3 Multiscale Multigrid (MSMG) Method

Multigrid. methods., For solving the resulting linear systems from discretized PDEs,
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Figure 1.1: Illustration of the Richardson extrapolation and interpolation process in
a 1D two-grid computation. Solution values at the boundary points are known.
multigrid methods are considered one of the most efficient contemporary iterative
methods. The convergence rate of multigrid methods is independent of the grid size
[4, 7]. Meanwhile, this approach often scales linearly with the number of unknowns.
In other words, the computational complexity of multigrid methods is O(n), where
n is the number of unknowns. In [29, 36, 86, 89, 93, 95|, previous scholars discussed
various multigrid implementations with HOC schemes to solve 2D/3D Poisson and
convection-diffusion equations.

The multigrid methods fully use multiscale grids to overcome the smoothing prop-
erty of standard relaxation schemes and make the relaxation more effective. Due to
the smoothing property, the standard relaxation schemes, such as Jacobi and Gauss-
Seidel methods, can only effectively eliminate the oscillatory error components, and
begin to stall when the smooth error components become dominant. In order to re-
move all error components effectively, multiscale grids are used and thus give birth
to multigrid methods.

There are two strategies of utilizing multiscale grids to improve relaxation. One
is to use coarser grids to generate improved initial guesses for finer grids, which is

called nested iteration [7]. Obviously, relaxation on a coarse grid is less expensive
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Figure 1.2: Smooth error component on {25 projected onto {29a.

than on a fine grid because there are fewer unknowns to update. Although we obtain
some improvement from using the coarse grids in this way, smooth error components
still remain and the final iteration will stall. A second strategy focuses on removing
smooth error components by using different scale grids. There is an observation that
smooth error components look more oscillatory on a coarser grid, as in Fig. 1.2. Based
on the idea that the residual equation on the coarse grid has a similar structure as
the original problem on the fine grid, the residual is projected to the coarser grid and
solved there. This procedure is known as the correction scheme [7], which consists of
smoothing the error using a standard relaxation scheme (the smoother), restricting
the residual to the coarse grid, solving the residual equation on the coarse grid to
obtain an approximation of error correction, interpolating the error correction to the
fine grid, and finally adding the error correction into the current approximation. In
this process, the relaxation and error correction work together to remove both the
oscillatory and smooth error components.

In practice, the coarse grid has twice the mesh-size of the fine grid. In respect to
the intergrid transfers in the correction scheme, there are two classes of operations.
One is transferring the error approximation from the coarse grid to the fine grid, which

is generally called interpolation or prolongation. Interpolation is most effective when

10
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the error is smooth. This process provides a perfect complement to relaxation, which
is most effective for the oscillatory error. There are many interpolation methods that
could be used. Bilinear (or trilinear) interpolation is mainly used in this dissertation.
The other operation involves moving residual vectors from the fine grid to the coarse
grid, which is known as restriction. The most obvious restriction operator is injection.
In this dissertation, a more accurate operator, called full weighting [7], is used.
When the correction scheme is recursively applied to the residual equation on
the coarse grids, a standard multigrid method, known as V-cycle algorithm, is con-
structed. In a multigrid V (v, 15)-cycle algorithm, we carry out v; relaxation sweeps
on a given grid before going to a coarser grid and v, relaxation sweeps after adding the
coarse grid correction to the current approximation. v; and 15 are called presmooth-
ing sweeps and postsmoothing sweeps, respectively. Algorithm 1 gives the definition
of V-cycle scheme. The notation A%u® = f2 denotes the linear system to be solved.

I32 and 5, are the restriction and interpolation operators, respectively.

Algorithm 1 V (v, v,)-cycle scheme (Recursive Definition)
procedure V2 (v2, f2)

Relax v, times on A%u® = f2 with a given initial guess v2.

1:
2
3 if QA = coarsest grid then go to line 10.

4: else

5. f2A Y IXA(][A —AAUA),

6 v 0,

7 VP (28 28

8 end if

9:  Correct v2 < v2 + IS v*2.

10: Relax 15 times on A%u® = f2 with initial guess v2.
11: end procedure

There are two other kinds of multigrid schemes. One is called W-cycle, which
is the multigrid method with two corrections. The other one is called full multigrid
(FMG) scheme, in which each V-cycle is preceded by a coarse-grid V-cycle designed
to provide the best initial guess possible. The FMG scheme fully uses the multiscale

grids.and-can-beviewed as the combination of nested iteration and recursive correction

11
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Figure 1.3: lustration of three different multigrid schemes on four levels: (a) V-cycle
(b) W-cycle (¢) FMG scheme.
scheme. Fig. 1.3 illustrates the structure of three multigrid schemes.
Multiscale multigrid (MSMG) method. Although we have high-order discretiza-
tion methods, such as HOC schemes, as well as fast iterative methods, such as multi-
grid methods, the studies on the discretization process and the linear system solvers
are generally carried on by two different groups of people with their own goals in
mind. People studying high accuracy discretization schemes may not care about how
the resulting linear systems will be solved. While, people developing efficient linear
system solvers may pay little attention to the sources of these linear systems. The

MSMG method, first proposed in [79], aims to accelerate the linear system compu-
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tation by using multigrid methods and to obtain a higher-order accurate solution by
using a multiscale strategy to extrapolate on two lower-order solutions computed from
different level discretizations. The most important feature of the MSMG method is
the seamless integration of multiscale and multigrid computation. As a result, the
high accuracy solution and high speed computation are achieved within the same
framework. On one hand, the MSMG method offers the convergence rate that is
independent of the grid size, a feature that is presented in multigrid methods. On the
other hand, it utilizes different scale grids involved in the sixth-order approximation
to provide better initial guesses and thus accelerates the convergence rate.

In Section 1.2.2, a class of Richardson extrapolation-based sixth-order methods
is described. The MSMG method is particularly designed for this kind of compu-
tation. Richardson extrapolation asks for using two different discretized grids. It
would not be cost-effective to construct a coarse grid exclusively for this purpose.
Fortunately, different scale coarse grids are generated when using multigrid methods
to solve the discretized equations. The MSMG method skillfully fuses the Richardson
extrapolation procedure and multigrid methods for computing higher-order solutions
of PDEs. The salient superiority of this method is to efficiently utilize the multilevel
grids to accelerate the iterative process of the linear system and to enhance the order
of accuracy of the computed solution simultaneously, not separately.

In recent years, the MSMG method has been implemented and applied to solve
various PDEs, which is shown to be very efficient and stable [80, 81]. The MSMG
method is structurally similar to the FMG scheme, but the computation does not
start from the coarsest grid, as in Fig. 1.4. It first computes on {24, then goes to
compute on {254 and 2. The solutions from the coarser grids are used as the initial
guesses for the finer grids. The MSMG method uses the solution u*2 as the initial

A

guess to compute the solution u*2 on s, and uses the solution u?2 as the initial

A

guess to compute for u= on Qa.

13

www.manaraa.com



V-Cycle for 44 grid V-Cycle for 2A grid V-Cycle for fine grid

Figure 1.4: Hlustration of the standard multiscale multigrid method.

1.4 Multiple Coarse Grid (MCG) Computation

The idea of MCG computation can be traced back to the parallel superconvergent
multigrid method [24]. The superconvergent multigrid method uses multiple coarse
grids to realize parallelization by solving many coarse scale problems simultaneously
and to speed up convergence rates by generating a better correction for the fine grid
solution than the correction from a single coarse grid. The appearance of multiple
coarse grids is from the observation that for a 1D fine grid there are two kinds of grid
points - the even fine grid points and the odd fine grid points, which construct two
coarse grids, as in Fig. 1.5. In Fig. 1.5, the fine grid on O is coarsened into two
coarse grids on 23, and Q3,. The coarse grid 1 is composed by even fine grid points
and boundary points, while the coarse grid 2 is composed by odd fine grid points and
boundary points.

In general, for a d dimensional problem, the fine grid can easily be coarsened into
24 coarse grids. For instance, for a 2D fine grid, there are four kinds of grid points
which generate four coarse grids. For a 3D fine grid, eight kinds of fine grid points

can lead to eight coarse grids.
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Figure 1.5: lustration of the multiple coarse grids for 1D problem.
1.5 Alternating Direction Implicit (ADI) Method

Alternating direction implicit methods [17, 18, 55, 72] are popular non-iterative meth-
ods for solving 2D /3D parabolic differential equations. The main idea is to reduce
multi-dimensional problems to a series of one-dimensional problems and solving a
sequence of tridiagonal linear systems. Hence, the overall computation is simple and
relatively fast. Among various ADI schemes, we consider the Peaceman-Rachford
ADI scheme [55] in this dissertation.

Consider a 2D heat equation on the unit square
U = Usg + Uyy + f(2,9,1),  (x,y) € (0,1) x (0,1),t € (0,77, (1.9)

with Dirichlet boundary and given initial conditions. In order to solve Eq. (1.9),
a uniform grid with mesh-sizes h in both z and y directions is constructed. The
temporal domain is discretized by time step size At. The approximate solution at
(zi,Yj,tn) is denoted by u;.

Using the 2D Crank-Nicolson scheme [72] to discretize (1.9) in time gives

uz‘jl =U;; + 7[(“&% + uyy)zjl + (Uae + uyy)z‘,j + fz‘,j+1 + Z]] + O(Atg)- (1.10)

We rewrite (1.10) as

w1 At n . At . At .
i;_l - 7(“%‘% + uyy)i,;_l - ui,j + 7(“@‘&: + uyy)i,j + 7( i,;_l + 7,,]) (]_]_]_)

15
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Figure 1.6: Matrix structure for 2D Crank-Nicolson method.

By using the CDS to approximate the spatial derivatives in (1.11), we obtain

At
1 1 1 1 1 1
b g (i sy — A T )
- ui,j + ﬁ(ui_lyj + ui,j—l - 4ul,j + ui,j+1 + ui+1,j) + 7( i’-;_l + i,j)' (1.12)

The linear system from (1.12) has the structure displayed in Fig. 1.6, where N,
is the number of grid intervals along the x direction and N, is the number of grid
intervals along the y direction. This coefficient matrix is a large sparse matrix with
high degree and consists of five nonzero bands. Neither direct elimination nor sparse
LU composition can be applied. However, ADI methods are able to convert the
current system to a system of two sets of equations, each of which involves only one
spatial direction and requires solution of only tridiagonal systems. Hence, the new
system requires only O(N) (N = N, x N,) arithmetic operations per time step, in
contrast to the O(N?) required by direct Gaussian elimination applied to the entire
system [51].

To derive an ADI scheme, the approximation (1.12) can be rearranged and repre-
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sented as

At At

[ = S (Au + A )™ = [+ (A, + A, )" + %( U (113)

where A, and A, are tridiagonal matrices.

In (1.13), the left-hand side matrix can be approximately factored as

At At At At?
(I — 7Am)(l — 7Ay) =1— 7(’4‘” + A,) + TAa,Ay, (1.14)

and similarly for the right-hand side,

At At At At?

(I +
Notice that each of the two factored matrices on the left of these expressions is
tridiagonal. In addition, their products are within O(At?) of the original unfactored
matrices.

Substitute Egs. (1.14) and (1.15) into (1.13) and obtain

At At At At
(U= A= A = (I+ S A I+

At t?
Ay)un—l—7(fn+1—|—fn)+—(un+1—un).

4
(1.16)

If u(z,y,t) is sufficiently smooth, we have

ultt —uls = O(At)

] 1,
for any (i, j).
Hence, the factorization

At At At At At
(= =4 ~ 7141,1)UHJr1 =+ A+ Ay Ju” + 7(f”+1 + /") (1.17)

is with O(A#3) of the original 2D Crank-Nicolson scheme (1.10).

Splitting (1.17) into two equations gives

(- Sag = s By 2y (1.18)
(1= Bapet = 4 a4 S (1.19)

Thus, we calculate the advanced time step values in two consecutive steps. The first

ives, while the second involves only y derivatives.
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1.6 Organization

This dissertation is composed of seven chapters. The remainder is organized as fol-

lows:

e In the existing MSMG method, there is a computational efficiency issue caused
by an iterative refinement procedure on the fine grid. In Chapter 2, a direct
solution based on multiple coarse grids is proposed to replace the iterative re-
finement procedure for computing fine grid sixth-order solutions. An MSMG
method with MCG updating strategy is presented and applied to solve 2D Pois-
son and convection-diffusion equations. Numerical investigations show that the
MCG updating strategy is more efficient and scalable than the iterative refine-

ment procedure for sixth-order accuracy computation.

e In Chapter 3, an improved MSMG method with MCG updating strategy for 3D
convection-diffusion equations is presented. The new MCG updating strategy is
used to replace the iterative refinement procedure in the existing MSMG method
for 3D steady-state equations to obtain higher-order solutions on the fine grid.
Since the proposed method needs an FOC scheme with unequal mesh-sizes, a
19-point FOC difference scheme with unequal mesh-size discretization is given
for the 3D convection-diffusion equation. Numerical experiments are carried
out to compare the computed accuracy and the computational efficiency of the
MCG updating strategy against the iterative refinement procedure in computing

sixth-order solutions with the MSMG method.

e Another Richardson extrapolation-based sixth-order solution for steady-state
PDEs is described in Chapter 4. Completed Richardson extrapolation tech-
nique is used to obtain a sixth-order solution on the entire fine grid. Numerical

experiments are conducted to test its high accuracy and high efficiency.
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e Extrapolated sixth-order coarse grid solutions can be injected into the fine grid
and make partial fine grid points obtain sixth-order solutions, but other tech-
niques are needed to compute sixth-order solutions for the remaining fine grid
points. There are three different techniques (iterative refinement procedure
with operator based interpolation, multiple coarse grid updating strategy, and
completed Richardson extrapolation), which lead to three kinds of Richardson
extrapolation-based sixth-order methods. Chapter 5 analyzes the truncation
errors from these three different methods respectively. Numerical comparisons

on several test problems are also provided.

e In Chapter 6, a higher-order ADI method with completed Richardson extrapo-
lation is proposed for solving unsteady 2D convection-diffusion equations. The
method is sixth-order accuracy in space and third-order accuracy in time. Com-
pleted Richardson extrapolation is used to improve the accuracy of the solution
in spatial and temporal domains simultaneously. A stability analysis is given to
discuss the effects of Richardson extrapolation on solution stability. Numerical
experiments are conducted to test the proposed method and to compare it with

Karaa-Zhang’s high-order ADI method.

e In Chapter 7, I summarize contributions of this dissertation and outlook for

possible future research work.

Copyright (© Ruxin Dai 2014
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2 Sixth-Order Solution with Multiscale Multigrid Method and Multiple
Coarse Grid Updating Strategy for 2D Steady-State Equations

2.1 Introduction

This chapter discusses using the Richardson extrapolation technique, multiscale multi-
grid (MSMG) method and multiple coarse grid (MCG) computation for computing
sixth-order solutions of 2D Poisson and convection-diffusion equations.

We first consider a 2D Poisson equation of the form

Uga (T, Y) + Uyy(2,y) = f(z,y),  (2,y) €Q, (2.1)

where € is a rectangular domain, with suitable boundary conditions defined on 0f).
The solution u(z,y) and the forcing function f(z,y) are assumed to be sufficiently
smooth and have required continuous partial derivatives.

Recently, Zhang et al. proposed a series of explicit methods for sixth-order com-
pact approximations by using Richardson extrapolation [69, 79, 80, 81]. Among these
methods, the most efficient one is the MSMG method, which incorporates the sixth-
order explicit compact computing strategy and multigrid solution idea [79]. In the
existing MSMG computational framework. Richardson extrapolation is applied on
two fourth-order computed solutions from two different scale uniform grids — Qa
with mesh-size A and ;a4 with mesh-size 2A — to obtain a sixth-order solution on
the standard coarse grid Qsa. The extrapolated solution is directly interpolated (in-
jected) from the standard coarse grid to the fine grid, which makes the (even, even)
fine grid points obtain sixth-order solutions, as in Fig. 2.1. In Fig. 2.1, the grid points
marked in red have sixth-order solutions, while the grid points marked in black have
fourth-order solutions. Since the goal is to obtain a sixth-order solution on the fine
grid Qa, Wang [78] used an operator based interpolation scheme to iteratively up-
date the solution of black fine grid points. Fig. 2.2 shows the updating process of one

interpolation iteration. However, this process is an iterative refinement procedure,
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which is similar to basic iterative methods like Gauss-Seidel [61], and the convergence
rate is usually slow. As the iterative refinement procedure is performed on the fine
grid, it may take a number of iterations to converge. Thus, the computational cost
becomes expensive. In this chapter, we want to reduce the computational cost by
using an alternative method to directly calculate sixth-order solutions for all fine grid
points. An updating strategy based on multiple coarse grids is developed and used to

accelerate the MSMG computation by eliminating the iterative refinement procedure.

Injection

Standard coarse grid Fine grid

Figure 2.1: Injection from the standard coarse grid to the fine grid.

2.2 FOC Scheme with Unequal Mesh-Size Discretization for the 2D Pois-
son Equation

The Richardson extrapolation-based sixth-order methods involve fourth-order solu-
tions on two different scale grids. In this section, we first introduce the fourth-order
compact (FOC) scheme for the 2D Poisson equation. The basic idea stems from
Zhang’s previous work [93].

In order to discretize Eq. (2.1), consider a rectangular domain = [0, L,] x [0, L]
with mesh-sizes Az = L, /N, and Ay = L,/N, in the z and y coordinate directions,
respectively. Here N, and N, are the number of uniform intervals in the z and y
coordinate directions, respectively. The mesh points are (x;,y;) with z; = ¢Az and
y; = jAy, 0 <1 < N,, 0 < j < N,. In the following, we may also use the index pair

(isg)storepresent.thegrid point (z;,y;).
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Figure 2.2: Operator based interpolation scheme for a 5 x 5 fine grid.

The standard second-order central difference operators defined at a grid point

(w;,y;) can be written as

S M1y = 2uig Uiy
x ] T A:L,2 ?

S — Mgt = 2t Ui
] T .
) J Ay2

Using Taylor series expansions at the grid point (x;,y;), we have

Ax? Ax?
and
Ay? Ay?

Recall the FOC scheme for the 1D Poisson equation introduced in Section 1.2.1,

we rewrite (1.7) as

A 2
Pu=(1+ 1—”2352)1” +0(A%Y), (2.4)
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which can be formulated symbolically as

A
(14550702 = f+ 0(a"), (2.5)
where the operator (1 + A“’ £2-02)" has symbolic meaning only.
We similarly have the symbolic fourth-order compact approximation operator for
the y variable as

Ayz 2\—1¢2 4
(1+ =50, Spu = f + O(Ay). (2.6)

We apply (2.5) and (2.6) to the second derivatives u,, and w,, in Eq. (2.1),

respectively. This yields symbolically

A:c Ay
(1+ (52) L62u + (1 + 655) '52u=f+O(AY), (2.7)
where O(A*) denotes the truncated terms in the order of O(Az* + Ay*). Applying
the symbolic operators and absorbing the O(Az?- Ay?) term into the O(A*) generates

2
12 Y
1
=1+ E(Aaﬁ(sg + Ay [+ O(AY.

A2 A2 Ax?
(L+ S5-02)82u + (L+ =5-02)57u = (1+ —-02)(1+ 5-02)f + O(A")

After some rearrangement and dropping the O(A?) term, the general FOC scheme

for the 2D Poisson equation is given by
(62402 )u + 15 (Aa: + Ay?)6200u = f t 15 (Am252 + Ay*s2) f. (2.8)

If we denote the mesh aspect ratio v = Ax/Ay, (2.8) changes into the following form

with a 9-point computational stencil [93]

av; j + b(wip1,; + wis1j) + (i1 + wij1)
Hd(Uiry gt + Ui o1+ Uimg gy + i) (2.9)
= ATz(8fi,j + fir1j + fici + fije1r + fij—1)s

where the coefficients are

c=-5v+1, d=—(1++%/2
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Eq. (2.9) can be viewed as the general FOC scheme for the 2D Poisson equation
on a rectangular domain. In a special case of Az = Ay = A, Eq. (2.9) can be written

as

Uit1j41 F Uigrj1 + U101+ Uimr 1 + A(Uisrj + imry + Uign + i) — 20,
AQ

= 7(8fm + fiv1; + ficrj + fijo + fijo1)- (2.10)

2.3 Richardson Extrapolation-based Sixth-Order Solution with MSMG
Method and MCG Updating Strategy for the 2D Poisson Equation

2.3.1 Improving solution accuracy by Richardson extrapolation in 2D

The general Richardson extrapolation can be written as

728 — (2pu2Ai,2j - u’L2jA>

iy o 1 , (2.11)

where p is the order of accuracy before the extrapolation, and the order of accuracy
will be increased to p 4 2 after the extrapolation [6, 56].

Consider a computational domain €2 discretized by uniform 2D grids. By using the

A

FOC scheme (2.10), we compute fourth-order solutions u= on the Qa grid with mesh-

size A and u?2 on the Qs grid with mesh-size 2/, respectively. Then, the sixth-order
solution on the Q94 grid can be calculated by the Richardson extrapolation formula
as

~2A (V]
"0 — , 2.12
ul,j 15 ( )

2.3.2 MCG updating strategy for 2D problems

Since our ultimate goal is to obtain a sixth-order solution on the fine grid (2, the
sixth-order solution on the coarse grid {254 can be injected into the fine grid and make
the (even, even) fine grid points obtain sixth-order solutions. Unlike Wang’s method
[79] using an operator based interpolation scheme on the fine grid to asymptotically
approach sixth-order solutions for the remaining fine grid points, a direct calculation

strategy is proposed.
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The new strategy is inspired by the MCG computation introduced in Section
1.4. Fig. 2.3 illustrates that four coarse grids can be generated from a 2D fine
grid. The (odd, odd) coarse grid consists of (odd, odd) fine grid points (green-colored);
the (odd,even) coarse grid consists of (odd, even) fine grid points (black-colored);
the (even, odd) coarse grid consists of (even, odd) fine grid points (blue-colored); the
(even, even) coarse grid is the standard coarse grid, which consists of (even, even)
fine grid points (red-colored). In addition, all boundary points are marked in red.

In order to compute sixth-order solutions for (odd, even) fine grid points, we create
an X-odd grid view composed of (even, even) and (odd, even) fine grid points, as in
Fig. 2.4(a). It looks similar to a combination of the (even, even) coarse grid and the
(odd, even) coarse grid from Fig. 2.3. The reason for calling “grid view” is that all
the following computations can be conducted on the fine grid and there is no need to
build the X-odd grid physically.

The X-odd grid view is a view of unequal mesh-size grid with mesh-sizes A and
2A in the z and y coordinate directions, respectively. In Figure 2.4(a), red-colored
(even, even) fine grid points and boundary points have sixth-order solutions, while
black-colored (odd, even) fine grid points have computed fourth-order solutions. The
black points form vertical lines. Therefore, we can perform a tridiagonal solver in the
y direction with = = odd to solve all black-colored points line by line and make all
(odd, even) fine grid points obtain sixth-order solutions. Next, we will construct the
tridiagonal systems from Eq. (2.9).

Assume that the grid points are ordered lexicographically, i.e., first from left to
right along the x direction then from bottom to top along the y direction. The coef-
ficient matrix of the FOC difference scheme with this ordering is a block tridiagonal

matrix of block order N, /2 [93], (the order of the coefficient matrix A is N, x N,/2)

A = diag[Ay, Ao, Ai], (2.13)
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(odd,odd) coarse grid (odd,even) coarse grid

Finegrid

(even,odd) coarse grid (even,even) coarse grid

Figure 2.3: Illustration of the multiple coarse grids for 2D problem.
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(a) X-odd grid view: (b) Y-odd grid view:  (c¢) The fine grid after X-odd
(even,even) coarse grid +  (even,even) coarse grid +  grid view and Y-odd grid view
(odd,even) coarse grid. (even,odd) coarse grid. computation.

Figure 2.4: lustration of the MCG updating strategy in 2D.
where
Ay = diag|c, a, c|, A, = diag[d, b, d] (2.14)

are symmetric tridiagonal submatrices of order N,. Here a, b, ¢, d are the coefficients
defined in Eq. (2.9). They represent the submatrix of each grid line along the y
direction. The grid points on the lines i = 0,2,4, ..., N, in the X-odd grid view have
at least sixth-order solutions. Thus, sixth-order solutions at (odd, even) fine grid

points can be computed on the vertical lines with ¢ = 1,3,5, ..., N, — 1 by solving
Agui = Fiy — Ay (uwi1 + uiyr), (2.15)

where u; is part of the solution vector representing the grid points on the ith line,
and Fj is the corresponding part of the right-hand side vector from Eq. (2.9).

Similarly, we create a Y-odd grid view composed of (even, even) and (even, odd)
fine grid points, as in Figure 2.4(b). It looks similar to a combination of the (even, even)
coarse grid and the (even,odd) coarse grid from Fig. 2.3. The Y-odd grid view is
virtual too, and all calculations are on the fine grid.

The Y-odd grid view is a view of unequal mesh-size grid with mesh-sizes 2A and
A in the x and y coordinate directions, respectively. In Figure 2.4(b), red-colored

(evengeven) fine grid.points and boundary points have sixth-order solutions, while
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blue-colored (even, odd) fine grid points have computed fourth-order solutions. The
blue points form horizontal lines. Hence, we can similarly perform a tridiagonal solver
in the x direction with y = odd to solve all blue-colored points line by line and make
them obtain sixth-order solutions. In the following, we discuss how to build the
tridiagonal systems from Eq. (2.9).

Let us change the order of the grid points, i.e., first from bottom to top along the
y direction then from left to right along the z direction. The coefficient matrix of the
FOC difference scheme with this order is as a block tridiagonal matrix of block order

N, /2, (the order of the coefficient matrix B is N, /2 x N,)
B = diag|By, By, B1), (2.16)
where
By = diaglb, a, b], B, = diagld, ¢, d| (2.17)

are symmetric tridiagonal submatrices of order N,. Here a,b,c,d are also the coef-
ficients defined in Eq. (2.9). They represent the submatrix of each grid line along
the x direction. The grid points on the lines j = 0, 2,4, ..., N, in the Y-odd grid view
have at least sixth-order solutions. Thus, sixth-order solutions at (even, odd) fine grid

points can be computed on the horizontal lines with j =1,3,5,..., N, — 1 by
Bouj = Fj — Bi(uj-1 + uj11), (2.18)

where u; is part of the solution vector representing the grid points on the jth line,
and F} is the corresponding part of the right-hand side vector from Eq. (2.9).

By now, the (even, even), (odd, even) and (even, odd) fine grid points have sixth-
order solutions. As for the (even,even) fine grid points, their sixth-order solutions
are interpolated from the standard coarse grid directly. As for the (odd, even) and
(even, odd) fine grid points, their sixth-order solutions are solved from the X-odd

and.Y-odd.grid.views, respectively. Because the involved extrapolated sixth-order
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solution is on the coarse grid, the computed sixth-order solution for fine grid points
has truncation error O((2A)°), not O((A)S).

In Figure 2.4(c), the color red is used to denote the grid points with sixth-order
solution. Only the (odd, odd) fine grid points in green still have fourth-order solutions.
Since every green-colored point is immediately surrounded by red-colored points, some
suitable interpolation can be used to compute sixth-order solutions for (odd, odd) fine
grid points. We simply apply a one step operator based interpolation to update the

solution of every (odd, odd) fine grid point by

ﬂz’,j = _a[-Fi,j - b(uz‘+1,j + ui—l,j) - C(Uz‘,j+1 + uz’,j—l)

— d(Wit1 41 T Uit j-1 + Uim1 g1 + Uim1 1)), (2.19)

where a, b, ¢ and d have the same definition as in the FOC scheme (2.9) and F; ;
represents the right-hand side part of Eq. (2.9). Since all grid points in the right-hand
side have approximate solutions with sixth-order accuracy, %;; now has a sixth-order

solution.

2.3.3 MSMG method with Richardson extrapolation and MCG updating
strategy for the 2D Poisson equation

We use the MCG updating strategy to replace the iterative refinement procedure to
accelerate the MSMG computation. Algorithm 2 gives the MSMG method with the
MCG updating strategy and Richardson extrapolation technique for computing sixth-
order solutions of the 2D Poisson equation. It is easy to use the following algorithm to
compute sixth-order solutions for other 2D steady-state equations. The changes need
to make are using an FOC scheme for the specific equation and generating appropriate
tridiagonal systems and operator based interpolation from the FOC schemes with
unequal mesh-size discretization.

A

The notation u™= represents the computed fourth-order solution on the uniform

grid with mesh-size mA. @™*"* denotes the computed sixth-order solution on the
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grid with unequal mesh-sizes mA and nA in the = and y directions, respectively. 7™

denotes the computed sixth-order solution on the uniform grid with mesh-size mA.

Q..a represents the computational space discretized by a uniform grid with mesh-size

mA.

Algorithm 2 Sixth-order solution computation for the 2D Poisson equation using
MSMG method with MCG updating strategy and Richardson extrapolation
1. Use the uniform FOC scheme (2.10) and MSMG method to compute fourth-order
solutions u?® € Qyn and u® € Qa.
2. Compute sixth-order solutions for (even, even) fine grid points on Q.
For every inner grid point on 94, from ufJA € (oa and uzAi’Qj € Qa, apply Richardson

extrapolation using (2.12) to calculate &ZQJA € (oA, then use direct interpolation to obtain
ﬂQAigj € Qa.

3. Compute sixth-order solutions for (odd, even) fine grid points on Q.

Use all (even, even) fine grid points with ﬂ%zj € Qa and all (odd, even) fine grid points
with 1@“72]. € QA to form an X-odd grid view.

From the X-odd grid view, solve N;/2 y direction tridiagonal systems using (2.15) on Qa
to calculate ﬁﬁfﬁ% € QAa.

4. Compute sixth-order solutions for (even, odd) fine grid points on Q.

Use all (even, even) fine grid points with ﬂQAmj € Qa and all (even, odd) fine grid points
with U%Qj“ € QA to form a Y-odd grid view.

From the Y-odd grid view, solve N, /2 x direction tridiagonal systems using (2.18) on Q5
to calculate ﬁgféﬁl € QA.

5. Compute sixth-order solutions for (odd, odd) fine grid points on Q.

For every (odd,odd) fine grid point with u3} +12j+1 € Qa, perform one step operator
based interpolation on Qa using Eq. (2.19) to obtain a§+1,2j+1 € Q.

Comparing the improved MSMG (MSMG-MCG) method with the existing MSMG
(MSMG-Iter) method [79], the difference lies in the fine grid updating process, which
aims to improve the solution accuracy of (odd, even), (even,odd) and (odd, odd) fine
grid points. In the MSMG-MCG method, tridiagonal systems corresponding to X-odd
and Y-odd grid views need to be generated and solved to get sixth-order solutions for
(odd, even) and (even, odd) fine grid points. Then, a one step interpolation is applied
to compute a sixth-order solution for every (odd, odd) fine grid point. However, in
the MSMG-Iter method, the operator based interpolation is used to update three

groups of grid points iteratively. In the following part, we analyze and compare the
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computational cost of these two updating processes, respectively.

Assume N, = N, = n on the finest grid and the total number of fine grid points
N = nxn. In both methods, N/4 fine grid points achieve sixth-order solutions by in-
jecting from the extrapolated coarse grid points. We only need to compare the cost of
updating the remaining 3N /4 fine grid points by using the MCG updating strategy or
the iterative refinement procedure. One arithmetic operation (i.e., addition, subtrac-
tion, multiplication, and division) between two floating points is counted as one unit
of work. Our source code shows: generating a tridiagonal coefficient matrix needs 18
units of work; solving a tridiagonal system with n unknowns needs 10n — 21 units
of work; conducting one operator based interpolation needs 17 units of work. Tables
2.1 and 2.2 list the main costs of updating (odd, even), (even, odd) and (odd, odd) fine
grid points in the MCG updating strategy and the iterative refinement procedure,
respectively.

In Table 2.1, the total cost of the fine grid updating process in the MCG updating
strategy is %nz — 3n. In Table 2.2, the total cost of the fine grid updating process

in the iterative refinement procedure is k x (3n? — 17n), where k is the number of

37

2 51,2 fe :
2 —3n < 2rn” —17n. This inequality

iterative refinement steps. If set n > 3, then
shows that the computational cost of the MCG updating strategy is less than that of
one iterative refinement step in the iterative refinement procedure when the number

of intervals on the fine grid is larger than 3.

2.4 Extension to the 2D Convection-Diffusion Equation

When the MSMG-MCG method is applied to solve a 2D convection-diffusion equation,
a 9-point FOC scheme with unequal mesh-size discretization for the 2D convection-
diffusion equation is needed. We consider the 2D convection-diffusion equation of the

form
Use (T, Y) + thyy (2, y) +D(2, Y) U (2, y) +q(@, y)uy (2, y) = f(2,y), (2,y) € Q, (2.20)
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Table 2.1: Computational cost of the fine grid updating process with the MCG up-
dating strategy.

Operation Cost

compute (odd,even) fine grid points

for linei =1,3,..., N, — 1, 7 x (18 + (105 —21))
generate and solve the tridiagonal system = gnz — %n

compute (even,odd) fine grid points

for line j =1,3,..., N, — 1, 2 x (18 + (105 —21))
generate and solve the tridiagonal system = gn2 — %n

compute (odd,odd) fine grid points

for u; ; withi=1,3,...,. N, —land j =1,3,...N, =1, | § x5 x 17

conduct one step operator based interpolation :1?7712

Total cost: 3in® — 3n

Table 2.2: Computational cost of the fine grid updating process with the iterative
refinement procedure.

Operation Cost
for k=1,2,3, ...

update (odd,odd) fine grid points

for w;; withi=1,3,..., N, —1land j =1,3,..,N, — 1,
conduct operator based interpolation In
update (odd,even) fine grid points

for u; ; withi=1,3,..., N, =1 and j = 2,4,..., N, — 2, gx(5—-1)x17
conduct operator based interpolation :%nQ — 137
update (even,odd) fine grid points

for w; ; withi=2,4,..., N, —2and j=1,3,...,N, — 1, (5—1) x5 x17
conduct operator based interpolation :%n2 — %n
check the L?-norm. If converged, exit the iteration and stop.

Total cost: (k is the number of iterative refinements) k x (3n* — 17n)
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where () is a rectangular domain with appropriate boundary conditions defined on
0€2. We assume that the coefficients p(z,y) and ¢(z,y) are sufficiently smooth on €.

up is used to denote the approximate value of u(z,y) at a grid point (x,y). The
approximate values of the eight immediate neighboring points are denoted by wu;,
1=1,2,...,8. The 9-point compact grid points are labeled as

Us Uz Us
Uz Ug Uy
U7 Ug U

We use p;, ¢; and f; (i =0,1,..,4) to denote the function values at the corresponding
grid points.

By using the symbolic computation package from Maple, the 9-point general FOC
scheme with unequal mesh-sizes Az and Ay for Eq. (2.20) at the mesh point (z,y)

is obtained as [95]
8
> aju;=F. (2.21)
=0

In a special case of Ax = Ay, the scheme is the same as Gupta’s 9-point FOC scheme
[32]. In general case, if we denote the mesh aspect ratio A = Ay/Axz, the coefficients
a; and the right-hand side F' are given in Appendix A.

To compute a sixth-order solution for Eq. (2.20), we first compute fourth-order
solutions on 25 and Qsa by using Eq. (2.21). Next, Richardson extrapolation and
direct interpolation are used to obtain sixth-order solutions of (even, even) fine grid
points. Then, by setting different As, Eq. (2.21) can be used to build tridiagonal
systems from X-odd and Y-odd grid views for computing sixth-order solutions for
(odd, even) and (even, odd) fine grid points. Finally, a one step operator based inter-

polation is generated from Eq. (2.21) for updating (odd, odd) fine grid points.

2.5 Numerical Results

In this section, we compare the MSMG-MCG method with the MSMG-Iter method.

The codes.were.written in Fortran 77 programming language and run on one login
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node of Lipscomb HPC Cluster at the University of Kentucky. The node has Dual
Intel E5-2670 8 Core (totally 16 cores) with 2.6GHz and 128 GB RAM.

We used the standard V(1,1)-Cycle in the MSMG computation. The initial guess
for the V-Cycle on Q4 was the zero vector. The multigrid V-Cycles on 254 and Q2
stopped when the L?-norm of the difference of the successive solutions was reduced by
a factor of 10'°. The iterative refinement procedure in the MSMG-Iter method was
terminated when the L?-norm of the correction vector of the approximate solution
was less than 10719 The upper limit for the number of iterations in the MSMG-Iter
method was set as 10000. The errors reported were the maximum absolute errors
over {a.

We also computed an estimated order of accuracy for every computing strategy
with different mesh-sizes. Consider two mesh-sizes A” and A" on Q7 and Q" re-
spectively. The maximum absolute errors of these two grids are denoted as Errorf!

and Error”. If we set the order of accuracy as m, then we have the following form

(AH)m B Errort
(AMYm — Errorh”

So, the order of accuracy m can be computed as

Errorf

_ 108 B (2.22)

m
AH
log 3w

The order of accuracy is formally defined when the mesh-size approaches zero. There-
fore, when the mesh-size is relatively large, the discretization scheme may not achieve

its formal order of accuracy.
2.5.1 Test problem 1
We considered a 2D Poisson equation as follows
Uy (7, Y) + Uyy(2,y) = =272 sin(wx) cos(my),  (x,y) € Q@ =[0,4] x [0,4], (2.23)
which has the Dirichlet boundary condition. The analytical solution of Eq. (2.23) is

u(z,y) = sin(mx) cos(my).
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In the following, we use N, = N, = n. Table 2.3 gives the comparison between
the two strategies. The number of iterations contains three parts. The first two
parts enclosed with parentheses are the number of V-Cycles on 254 and the number
of V-Cycles on Qa. For the MSMG-Iter method, the third part is the number of
iterations in the iterative refinement procedure. We recorded two different kinds of
CPU time. “Total CPU” is the total CPU time for solving the problem; “Accuracy-
Improve CPU” is the CPU time for obtaining a fine grid sixth-order solution from
an extrapolated coarse grid sixth-order solution by using iterative refinement pro-
cedure (MSMG-Iter) or MCG updating strategy (MSMG-MCG). We find that the
MSMG-MCG method and the MSMG-Iter method were able to compute compara-
ble sixth-order solutions, but the MSMG-MCG method took less CPU time than the
MSMG-iter method. This is because the proposed MCG updating strategy eliminates
the iterative refinement procedure. The column of “Accuracy-Improve CPU” shows
the CPU cost that the MCG updating strategy can save compared to the iterative re-
finement procedure. From the “error” column, we find that the MSMG-iter method
is slightly more accurate than the MSMG-MCG method. One possible reason for
this is that the MSMG-iter method uses the operator based interpolation iteratively,
which is generating from the FOC scheme for uniform grids with mesh-size A to ob-
tain sixth-order solutions for the remaining fine grid points, while the MSMG-MCG
method uses the FOC scheme with unequal mesh-sizes A and 2A to compute sixth-
order solutions for those fine grid points. The former FOC scheme theoretically has
smaller truncation error than the latter one.

In Figure 2.5, we note that when the mesh became finer, the CPU time for the it-
erative refinement procedure in the MSMG-Iter method increased very fast. However,
for the MCG updating strategy in the MSMG-MCG method, its CPU time showed
slow growth. The numerical comparison on CPU costs between two fine grid updating

strategies were consistent with the analysis in Tables 2.1 and 2.2. It is visible that
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Table 2.3: Test Problem 1: Comparison of the CPU costs and solution accuracy with
different mesh-sizes.

n Strategy # it Total CPU(s) Accuracy error order
-Improve CPU(s)
64 MSMG-Iter (8,8),24 0.023 0.004 2.060e-7 -
MSMG-MCG | (8,8),- 0.019 0.000 2.836e-7 -
128 | MSMG-Iter | (8,9),23 0.096 0.006 3.356e-9 | 5.94
MSMG-MCG | (8,9),- 0.092 0.000 4.416e-9 | 6.00
256 MSMG-TIter (9,9),21 0.423 0.022 4.642¢-11 | 6.18
MSMG-MCG | (9,9) 0.401 0.004 8262c-11 | 5.74
512 MSMG-Iter (9,9),19 1.283 0.042 8.284e-13 | 5.81
MSMG-MCG | (9,9),- 1.143 0.006 1.089e-12 | 6.24
1024 | MSMG-Iter (9,9),18 4.037 0.199 3.211e-14 | 4.69
MSMG-MCG | (9,9),0 3.839 0.026 3.577e-14 | 4.93

the MCG updating strategy has better scalability and computational efficiency than

the iterative updating strategy.
2.5.2 Test problem 2

We chose a 2D convection-diffusion equation with variable coefficients as follows

Uxm(x,y) + uyy($7y) —I—p(x,y)um(x, y)+Q(xvy)uy(x7 y) - f(ZL’, y)7

(z,y) € 2 =[0,1] x [0, 1], (2.24)

where

u(z,y) = z*y*(1 —z)(1 - y)
p(z,y) = Px(1 —y)
q(z,y) = Py(1 — )

For this test problem, a larger value of P means a larger Reynolds number (Re).
The cell Reynolds number is defined as the ratio of the convection to diffusion in the

form of

Re = max( sup |p(z,y)|, sup |q(z,y)|)h/2. (2.25)
(z,y)EN (z,y)EQ

Convection-diffusion equations like Eq. (2.24) become increasingly difficult to
solve by iterative methods as Re increases [86]. Since the exact order of solution

accuracy from the FOC scheme is related to the Reynolds number [81], we computed
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Figure 2.5: Comparison of the Accuracy-Improve CPU time and the number of grid
intervals between the iterative refinement strategy and the MCG updating strategy
for solving Problem 1. Each symbol with increasing CPU cost corresponds to an
increasing fine grid: 64, 128, 256, 512 and 1024 intervals.
the exact order of accuracy and used the general Richardson extrapolation formula
(2.11).
We tested for a difficult case with P = 10° and used the residual scaling technique

[85] to accelerate V-Cycles. Set N, = N, = n in the following tables and figures.

Residual scaling techniques have been proposed and applied by Zhang in [85,
87] and is a kind of acceleration technique which is designed to accelerate standard
multigrid methods in different situations. There are two categories of acceleration
techniques. The first one contains pre-acceleration techniques, which accelerate the
multigrid process before the coarse grid procedure. The other one consists of the
post-acceleration techniques, which accelerate the multigrid process after the coarse
grid procedure. One type of pre-acceleration techniques is the pre-scaling technique
which scales the residual vector by a pre-determined residual scaling factor before it

is projected to the coarse grid. Meanwhile, one type of post-acceleration techniques is
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Table 2.4: Test Problem 2: Comparison of the CPU costs and solution accuracy with

different mesh-sizes for P = 10°.

n Strategy # it Total CPU(s) Accuracy error order
-Improve CPU(s)
64 | MSMG-Tter | (167,443),1745 0.839 0.041 1.931c-4 | -
MSMG-MCG (167,443),- 0.724 0.001 2.014e-4 -
128 MSMG-Iter (443,588),2744 2.492 0.263 6.034e-5 | 1.68
MSMG-MCG (443,588),- 2.249 0.002 5.962e-5 | 1.76
256 MSMG-Iter (588,367),2176 7.665 0.829 3.663e-6 | 4.04
MSMG-MCG (588,367),- 6.772 0.011 3.877e-6 | 3.94
512 | MSMG-Iter | (367,253),1046 25.833 2.318 1.219e-7 | 4.91
MSMG-MCG (367,253),- 23.316 0.043 1.568e-7 | 4.63
1024 | MSMG-Iter (253,236),522 95.073 6.029 3.155e-9 | 5.27
MSMG-MCG (253,236),- 89.982 0.179 5.103e-9 | 4.94

the post-scaling technique which scales the correction term by a scaling factor chosen
to minimize the error in energy norm. Zhang unified the pre-scaling technique and
the post-scaling technique as the residual scaling techniques. He proved that the pre-
scaling and post-scaling techniques are mathematically equivalent if and only if their
scaling factors are equal. He also showed that the pre-scaling technique is cheaper
and has a wider application than the post-scaling technique. Therefore, we chose the
pre-scaling technique to apply in the present algorithm. The details of how to choose
an optimal residual scaling factor with high Reynolds number can be found in [92]. In
our experiments, we tested several scaling factors and only listed the best numerical
results.

The numerical data with comparison are shown in Table 2.4. Similarly, we had
three parts in the number of iterations and recorded two types of CPU cost. From
the third part of the number of iterations, we can see that the iterative refinement
procedure took hundreds, even thousands of iterations to update grid points on the
finest grid for improving the solution accuracy. The “Accuracy-Improve CPU” column
illustrates that the MCG updating strategy has higher computational efficiency than
the iterative refinement procedure. At the same time, the “Total CPU” column shows

that the proposed method indeed accelerates the MSMG computation. In addition,
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Figure 2.6: Comparison of the Accuracy-Improve CPU time and the number of grid
intervals between the iterative refinement strategy and the MCG updating strategy
for solving Problem 2 (P = 10°). Each symbol with increasing CPU cost corresponds
to an increasing fine grid: 64, 128, 256, 512 and 1024 intervals.

the MSMG-MCG method and the MSMG-Iter method were able to obtain solutions
of comparable accuracy, but the order of solutions was reduced and did not reach
six. The reason for this is that the solutions from the FOC scheme cannot reach the
fourth-order accuracy when Re is very large [81].

Figure 2.6 compares the scalability of the MCG updating strategy and the iterative
refinement procedure. When the number of grid intervals increased, the CPU cost
on the iterative refinement procedure increased quickly, while the CPU cost on the
MCG updating strategy increased much more slowly. When n = 1024, the iterative
refinement procedure required 6.029 seconds to update fine grid points for improving
their solutions, while the MCG updating strategy only took 0.179 seconds on the
improvement.

Table 2.5 contains the numerical results with various P values on a grid with a

fixedmesh-size n=01/256. Using Eq. (2.25), we computed the corresponding Re
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Table 2.5: Test Problem 2: Comparison of the CPU costs and solution accuracy with
different P values for n = 256.

n = 256
P Re Strategy # it Total CPU(s) Accuracy error
-Improve CPU(s)
1 1.953125e-3 | MSMG-Iter (9,9),8 0.432 0.003 2.181e-13
MSMG-MCG (9,9),- 0.467 0.026 1.706e-13
10 1.953125e-2 MSMG-Iter (9,9),12 0.447 0.012 3.266e-13
MSMG-MCG (9,9),- 0.464 0.028 6.720e-13
102 | 1.95312he-1 | MSMG-Tter 0.8),15 0.415 0.014 1.090e-11
MSMG-MCG 9.8) - 0.432 0.027 £.6000-11
10% | 1.953125¢0 MSMG-Iter (15,15),18 0.676 0.017 9.779e-10
MSMG-MCG (15,15),- 0.616 0.010 4.293e-9
10* | 1.953125¢l MSMG-Iter (62,52),147 1.389 0.056 8.778e-7
MSMG-MCG (58,50),- 1.321 0.009 2.169e-7
10° | 1.953125e2 MSMG-Iter | (588,367),2176 7.601 0.821 3.663e-6
MSMG-MCG (588,367),- 6.671 0.010 2.877e-6
10° | 1.953125¢3 | MSMG-Iter | (131,219),7210 6.029 2.725 1.651e-5
MSMG-MCG | (131,219)- 3.464 0.010 1.6380-5
107 | 1.953125e4 MSMG-Tter | (132,239),8235 6.975 3.110 1.139e-5
MSMG-MCG | (132,239),0 3.548 0.011 1.135¢.5
10° | 1.953125¢5 | MSMG-Iter | (132,239),8317 6.860 3.142 1.146e-5
MSMG-MCG | (132,239),0 3.692 0.010 1.1450-5
10° | 1.953125¢6 MSMG-Iter | (132,239),8325 6.815 3.146 1.149e-5
MSMG-MCG | (132,239),0 3572 0.010 L1dle5
1010 | 1.953125e7 MSMG-Iter (132,239),8325 6.858 3.142 1.150e-5
MSMG-MCG (132,239),0 3.577 0.010 1.149e-5
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Figure 2.7: Comparison of the Accuracy-Improve CPU time between the iterative
refinement strategy and the MCG updating strategy for solving Problem 2 (n = 256)
with different P values.

values under different P values. We note that the magnitude of the Reynolds number
affected the convergence rate of V-cycles and the solution accuracy simultaneously.
The accuracy improvement of both methods was degraded when Re increased. For
two fine grid updating strategies, when Re was small (P < 10%), the number of
iterations in the iterative refinement procedure was small and its CPU cost was almost
less than the CPU cost of the MCG updating strategy. When Re increased, the
number of iterations in the iterative refinement procedure increased very quickly, and
its CPU cost was far more than that of the MCG updating strategy.

Figure 2.7 compares the CPU cost of two fine grid updating strategies for different
values of P. We see that there was no evident change of the CPU cost of the MCG
updating strategy when P increased. However, for the iterative updating strategy,
there is a substantial change in the CPU cost at 10* < P < 10° and the CPU cost

remains high for P > 10°. Compared to the iterative refinement procedure, the MCG
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updating strategy is less sensitive to the change of Re(P) and exhibits better stability.

2.6 Concluding Remarks

We developed a new MCG updating strategy to compute sixth-order solutions for fine
grid points. The proposed strategy can replace the iterative refinement procedure in
the existing MSMG method and thus accelerates the MSMG computation in com-
puting high accuracy solutions for the 2D steady-state equations. Numerical results
show that the MCG updating strategy is more efficient, scalable and stable than the
iterative refinement procedure. The idea of using MCG updating strategy to directly
compute more accurate fine grid solutions from the extrapolated coarse grid solutions
can be extended to solve higher dimensional PDEs. We will discuss the details of its

extension to 3D problems in the next chapter.

Copyright (© Ruxin Dai 2014
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3 Sixth-Order Solution with Multiscale Multigrid Method and Multiple
Coarse Grid Updating Strategy for 3D Steady-State Equations

3.1 Introduction

In this chapter, we extend our Richardson extrapolation-based sixth-order method
with multiscale multigrid (MSMG) method and multiple coarse grid (MCG) updating

strategy to compute for three dimensional (3D) convection-diffusion equation as

Uy + Uyy + Uz + (2, Y, 2)us + q(x,y, 2)uy, +1(2,y, 2)u, = f(2,9, 2),

(r,y,2) € 0, (3.1)

where () is a continuous domain in a 3D space composed by a union of rectangu-
lar solids with suitable boundary conditions prescribed on 9f). Here the unknown
function w, variable coefficient functions p(z,v, 2), q(x,y, z), r(x,y, z) and the forcing
function f(z,y,z) are assumed to be continuously differentiable and have required
partial derivatives on ().

The numerical computing of Eq. (3.1) is very important in simulations and model-
ing applications, such as fluid dynamics, heat transfer and ocean modeling. Compared
with lower dimensional problems, 3D problems face more serious computational chal-
lenges due to the requirements on the memory and CPU time to obtain solutions with
desirable accuracy. In order to get accurate solutions with limited computational re-
sources, high-order compact (HOC) difference methods have been proposed by many
researchers and used to solve 3D PDEs [2, 35, 67, 88, 94]. These methods have been
demonstrated to achieve high accuracy, numerical stability, and computational effi-
ciency. In addition, they can handle boundary conditions effectively. Besides using
HOC schemes, another way to save CPU time is to use parallel computing. Gupta
and Zhang realized parallelization and vectorization by using four colors for 19-point
scheme [36] and using two colors for 15-point scheme [91]. For other parallel compu-

tations,of the.3D.convection-diffusion equation, readers are referred to [49, 99, 100].
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Up to now, fourth-order compact (FOC) schemes for solving the 3D convection-
diffusion equation have been studied extensively in the literature. Recently, sixth-
order compact schemes are found to be more computationally efficient than the FOC
schemes. To obtain a computed solution of given accuracy, the sixth-order scheme uses
less computational cost than the FOC scheme does. Ma and Ge [50] extended the ex-
plicit sixth-order method with Richardson extrapolation proposed by Sun and Zhang
[69] to solve 3D convection-diffusion equations. The MSMG method for 2D problems
proposed by Wang and Zhang [79, 81] has been extended to solve 3D convection-
diffusion equations in [80]. However, in the current MSMG computation, updating
fine grid points uses an iterative refinement procedure, which converges slowly and
consumes a large amount of CPU time. For 2D problems, there are 1/4 fine grid points
with solutions of sixth-order accuracy after applying Richardson extrapolation. Then,
an iterative refinement procedure is used to upgrade the solution accuracy for the re-
maining 3/4 fine grid points. For 3D problems, only 1/8 fine grid points could reach
sixth-order solutions directly from the Richardson extrapolation procedure. Next, the
iterative procedure is executed to improve solution accuracy for the other 7/8 fine
grid points. In addition, the number of grid points for 3D problems is much more
than that for 2D problems. It is evident that the computational cost of the iterative
refinement procedure is considerable for high dimensional problems. In Chapter 2, we
presented an MCG updating strategy to compute sixth-order solutions for all fine grid
points in 2D. In this Chapter, we extend the MCG updating strategy to 3D and thus
to improve the MSMG computation for the 3D convection-diffusion equation. Anal-
ogously, the MCG updating strategy eliminates the iterative refinement procedure
on the fine grid as well as decreases the coupling among grid points in the updating
process. In other words, the new strategy not only reduces the CPU cost but also pro-
vides a convenient way for parallelization. Therefore, the proposed MSMG method

with the MCG updating strategy is able to reach a higher computational efficiency
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compared to the current MSMG method with the iterative refinement procedure.

3.2 FOC Scheme With Unequal Mesh-Size Discretization for the 3D
Convection-Diffusion Equation

The Richardson extrapolation-based sixth-order method is based on fourth-order dis-
cretization schemes. There are two situations that FOC schemes are needed. The
first one is to provide fourth-order solutions on two scale uniform grids for Richardson
extrapolation. We could use the FOC scheme from Zhang’s paper [88] like Wang did
in [80]. The second one is during the implementation process of our new fine grid
updating strategy. Zhang’s FOC scheme is not appropriate for this situation since the
grids involved in the proposed updating strategy are with unequal mesh-sizes in each
coordinate direction. Therefore, we need an FOC scheme with unequal mesh-size
discretization for solving the 3D convection-diffusion equation in this section.
Assume that the discretization is carried out on a 3D grid with mesh-sizes Az,
Ay and Az in the x, y and z coordinate directions, respectively. We use ug to denote
the value of u(z,y, z) at an internal mesh point (4, j, k). The approximate values of
its immediate 18 neighboring points are denoted by w;, [ = 1,2, ..., 18, as in Fig. 3.1.
The 8 white colored corner points in Fig. 3.1 are not used in the finite difference

scheme. The discrete values of p;, q;,  and f; for [ = 0,1, ...,6 are defined similarly.

Y

12

@ )

11

Figure 3.1: Labeling of the 3D grid points in a cuboid.
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The approach we take here was advocated by Spotz and Carey [66, 65, 67] and
used by Zhang and Ge [94] in developing an HOC scheme for the 3D convection-
diffusion equation on uniform grids with a symbolic computation procedure. Since
the derivation process is a complex substitution and term collection process, we choose
to use the symbolic computation package from Maple.

Suppose the solution u has continuous partial derivatives of sufficient orders. By
using Taylor series, its first and second-order partial derivatives with respect to x can

be approximated by

ou Ax? Pu Azt Oou 5

i S,u — 95 100 38 + O(Az?), (3.2)
Pu ., A2 Axtou

Z 7 _ — AzS .
92~ %" " T3 a1~ 300 940 T OAT): (3:3)

where §, and 62 are the first and second-order central difference operators with respect
to x. The first and second-order partial derivatives of v with respect to y and z can
be approximated to O(Ay®) and O(Az%) order analogously.

In order to derive a compact scheme up to the fourth-order accuracy, we use
the approximation formulas (3.2) and (3.3) for the first and second-order partial
derivatives of u with respect to & and their counterparts with respect to y and z to
substitute the first and second-order partial derivatives of w in Eq. (3.1) and drop

the O(A*) and higher-order items. The substitution yields

(07u + 5;“ + 62u + pyu + qéyu+réu— f)
Az® J'u Pu Ay?  0'u u Az 0t 3
_ _ B AY) —

(3.4)

where p, ¢, 7 and f are short for p(x,y,2), q(z,y, z), r(z,y,2) and f(z,y,z), and
O(A*) denotes the truncated terms in the order of O(Az* + Ay* + Az*). Since
the O(A?) terms include Az?, Ay? and Az?, if the third and fourth-order partial

derivatives of u with respect to x, y and z can be approximated to reach the second-
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order accuracy, we can have the fourth-order accuracy for the whole approximation
scheme.

We differentiate the original partial differential equation to obtain the approxima-
tions for the third and fourth-order partial derivatives of u with respect to x, y and

z. To illustrate the idea, we differentiate Eq. (3.1) with respect to = to obtain

OPu_0f O Pu pou u dgdu Pu 0w B
ox3  Oxr 0x0y? 0x02%2 Ox Oz Por2 ™ oz dy q&r@y Ox 0z  0x0z

(3.5)

for the third order partial derivative of u with respect to x, and repeat the process

to obtain

o*u B 0*f o*u o*u 0%p Ou B 2@@ B O

drt 0z 0220y 0x202% dx2 Oz 9z 022 Logd
0%q Ou dq 0*u Pu 0*r Ou or ou Pu

8:B28_y B %&Uﬁy B q@:ﬁ@y 0120z 2% 9102 @ 0120z

(3.6)

for the fourth-order partial derivative of u with respect to x. The third and fourth-
order partial derivatives of u with respect to y and z can be obtained analogously.
Then, we examine whether or not the approximations of the third and fourth-

order partial derivatives of u can reach the second-order accuracy. After using the

2u

5.5 in Eq. (3.5) to substitute the g%}f term in the approximation

approximation of
of % in Eq. (3.6) (similar substitutions in the approximations of 3471‘ and 2471‘),
all terms in the approximations of the third and fourth-order partial derivatives of
u are no higher than second-order derivatives of u with respect to any variables.
For the first and second-order partial derivatives of the unknown function u and
other known functions p, ¢, r, and f, they can be approximated to the second-order
accuracy by applying the first and second-order central difference operators, which

uses 7 minimum grid points centered at 0, i.e., the grid points 0,1,2,3,4,5 and 6. For

the cross derivatives, we can use the grid points outside the 7 minimum grid points
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: : : 33u 0*u
to approximate. For example, the approximations of 500,% and prer

Pu 1
1
- 2ATAY? [u7 — ug — 2(u1 — u3) + w10 — o]
u 1
D220y2 ~ 535@3“ = A_y?(égl@ — 202ug + 02uy)
1
— —AxQAyQ [ug — 2ug + ug — 2(u1 — 2ug + uz) + ug — 2uy + ugg)

have O(A?) accuracy. Here O(A?) absorbs O(Axz?), O(Ay?) and O(Ax - Ay). All
other cross derivatives can be approximated analogously, which results in a 19-point

FOC difference scheme as
Z au; = F. (37)

In a special case with Ax = Ay = Az, the scheme is the same as Zhang’s explicit
FOC scheme [88]. In general cases, if we denote the mesh aspect ratio A\; = Ay/Ax
and Ay = Az/Az, the coefficients «; and the right hand side F' are given in Appendix
B.

3.3 Richardson Extrapolation-based Sixth-Order Solution with MSMG

Method and MCG Updating Strategy for the 3D Convection-Diffusion
Equation

3.3.1 Improving solution accuracy by Richardson extrapolation in 3D

With Eq. (3.7), the fourth-order accurate solutions uf]k and u?fk can be computed
by the MSMG method on Q2a and 4, respectively. Then we apply the Richard-

son extrapolation technique to compute a higher-order solution &ffk on Q9a. The

Richardson extrapolation has the formula as [6]

YA 2 2A
oA (2 Ug; 242k uz]k)

.5,k T w1 )

(3.8)

where p is the order of accuracy before the extrapolation, and the order of accuracy
will be upgraded to p + 2 after the extrapolation. When the convection-diffusion

equationgisydiffusion-dominated, we could assume p = 4 if the solution values for
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the extrapolation are computed by the FOC scheme. Therefore, we can get a sixth-
order solution on the coarse grid Qsa by using Eq. (3.8). By using the direct in-
~2A

terpolation, the sixth-order coarse grid solution ;7 are injected into corresponding

(even, even, even) fine grid points.
3.3.2 MCG updating strategy for 3D problems

The extrapolated sixth-order solution is on the coarse grid, not on the fine grid.
The coarse grid sixth-order solution can be directly interpolated into the fine grid,
which makes partial fine grid points reach sixth-order solutions. The problem is how
to improve the solution of the remaining fine grid points to reach the sixth-order
accuracy. Since the updating strategy deals with the fine grid points by groups, the
fine grid points are divided into eight different groups by their odd or even index in

the z, y and z coordinate directions, as in Fig. 3.2.

Y

a(even,even,even)
b:(odd,odd,odd)
c:(odd,even,odd
d:(odd,odd,even
€e:(even,odd,odd
f:(odd,even,even
%: even,even,od
even,odd,even

Figure 3.2: Group information of 3D grid points in a cuboid.

From Section 1.4, we have known that for 3D problems, a fine grid can be coarsened
into eight coarse grids. Each coarse grid is composed by one group of fine grid points
in Fig. 3.2. For instance, the (even, even, even) coarse grid (also called the standard
coarse grid) is built up by grid points in group a, which are the (even, even, even) fine
grid points. Unlike using an iterative refinement procedure to update the solution

of the remaining fine grid points, the main idea of the MCG updating strategy is to
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directly compute sixth-order solutions for fine grid points group by group by using
different coarse grid views from various combinations of the standard coarse grid and
other coarse grids.

Before we start to illustrate our ideas in details, there are following three points
to be underlined. First, six coarse grid views will be constructed for computing sixth-
order solutions for six groups’ fine grid points, respectively. These groups exclude
groups a and b for that the former one has reached the sixth-order solution after the
direct interpolation from the extrapolated coarse grid solutions and the latter one will
get the sixth-order solution by using an operator based interpolation. Second, the
coarse grid views are virtual. In other words, the grid views to be described look like
the corresponding coarse grids, but they do not physically exist. All computations
are conducted on the fine grid. Third, the updating process has three stages. At
the beginning, fine grid points in groups f, g and h are updated by some 2D solver.
Then, fine grid points in groups ¢, d and e are updated by some 1D solver. At last,

fine grid points in group b are updated by a one step operator based interpolation.
Update fine grid points of groups f, ¢ and A

In order to update the fine grid points of group f, we create an X-odd grid view
composed of fine grid points from groups a and f, which looks like a combination
of the (even, even, even) coarse grid and the (odd, even, even) coarse grid, as in Fig.
3.3.

Notice that the X-odd grid view is a view of unequal mesh-size grid with mesh-
sizes A, 2A and 2A in the x, y and 2z coordinate directions, respectively. In Fig.
3.3, the red-colored grid points, which are from group a, have sixth-order solutions,
while the black-colored grid points from group f have fourth-order solutions. If we
visit the (y, z)-plane through the z direction for x = odd, we can compute sixth-order

solutions of all black-colored grid points plane by plane. There are N,/2 2D sub-
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Figure 3.3: X-odd grid view: fine grid points from groups a and f.

problems, where N, is the number of grid intervals along the x direction. The 9-point
computational stencil of the (y, z)-plane 2D sub-problem is generated from Eq. (3.7)
as

Agotipo + Aprtipr + Apotipo + Apstips + Apatips + Apstips + Apelipe + Aprtipr + Apslips
(3.9)

= F — aqju; — asug — puy — gy — Qg — Qoo — Q11lUin

— (r13U13 — Q5U15 — Qp7ULY,

where the coefficients Af; and the 2D solutions @ (I = 0,1, ...,8) of grid points from
group [ are set in the group f part of Table 3.1.

It is essentially a 9-point compact scheme with 2A mesh-size. Since the coefficients
(Ag and ay) and F in Eq. (3.9) are from the unequal mesh-size coarse grid view X-
odd, they are calculated by the FOC scheme with unequal mesh-size we developed in
Section 3.2. For the u values in the right hand side of Eq. (3.9), we use the computed
solutions of grid points in group a which have reached the sixth-order accuracy.

a Z-odd grid view composed of fine grid points from groups
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a and ¢, which looks like a combination of the (even,even,even) coarse grid and
the (even,even,odd) coarse grid, as in Fig. 3.4. This view is used to compute a

sixth-order solution for the fine grid points of group g.

a a a
® @ @
Y
z
X
g g g a a a
° ® ) 0/0 )
a a a g g g a a a
® ® ® ® o ® ® o

'a

Figure 3.4: Z-odd grid view: fine grid points from groups a and g.

The Z-odd grid view is a view of unequal mesh-size grid with mesh-sizes 2A, 2A
and A in the z, y and z coordinate directions, respectively. In Fig. 3.4, we mark the
grid points from group a as red, which have sixth-order solutions. At the same time,
we mark the grid points from group ¢ as black, which have fourth-order solutions. If
we visit the (z,y)-plane through the z direction for z = odd, all black-colored grid
points can be solved plane by plane. There are totally N./2 2D sub-problems, where
N, is the number of grid intervals along the z direction. For the (z,y)-plane 2D
sub-problem, its 9-point computational stencil is generated from Eq. (3.7) as

Agoﬁgo + Agl'agl + Ag2ﬂg2 + Ag3ag3 + Ag4ag4 + Ag5ag5 + Agﬁ'agﬁ + Ag7ﬂg7 + Ag8a98
(3.10)

= F — asus — g — Ui — Qa2 — 3ty — Qallis — 0515

— QU1 — Q17U17 — X18U18,

s and the 2D solutions @, (l = 0,1, ...,8) of grid points from
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group g are set in the group g part of Table 3.1.

Similarly, the coefficients (Ay and o) and F' in Eq. (3.10) are from the unequal
mesh-size coarse grid view Z-odd and need to be computed by the FOC scheme with
unequal mesh-size. Because the u values in the right hand side of Eq. (3.10) have the
computed solutions with sixth-order accuracy, we can compute a sixth-order solution
for the grid points in the left hand side which are from group g.

We continue updating the fine grid points in group h. To this end, we build a
Y-odd grid view formed by fine grid points from groups a and h, which looks like
a combination of the (even,even, even) coarse grid and the (even, odd, even) coarse

grid, as in Fig. 3.5.

Figure 3.5: Y-odd grid view: fine grid points from groups a and h.

The Y-odd grid view is a view of unequal mesh-size grid with mesh-sizes 2A, A
and 2A in the z, y and z coordinate directions, respectively. In Fig. 3.5, the red-
colored points are the grid points from group a with sixth-order solutions, while the
black-colored points are the grid points from group h with fourth-order solutions.
When we visit the (x, z)-plane through the y direction for y = odd, all black-colored
grid points could be solved plane by plane. There are N, /2 2D sub-problems, where

N, is the number of grid intervals along the y direction. For the (z,z)-plane 2D
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sub-problem, its 9-point computational stencil is generated from Eq. (3.7) as

Anoting + Ap1tpt + Apoting + Apsting + Apating + Apstins + Apeting + Aprting + Apgting
(3.11)

= F — opug — oy — arpuy — aiglig — Qigllg — Qeyollio — QUiaUi2

— (jqU14 — Q1eU16 — (18U,

where the coefficients Ay, and the 2D solutions (I = 0,1, ...,8) of grid points from
group h are set in the group h part of Table 3.1.

The coefficients (A and ap;) and F in Eq. (3.11) are from the unequal mesh-size
coarse grid view Y-odd and we should use the FOC scheme with unequal mesh-size
to compute them. Since the u values in the right hand side of Eq. (3.11) are from
the grid points of group a with the sixth-order solution, we expect to get sixth-order

solutions for the grid points in the left hand side.

Table 3.1: Settings of the coefficients Ay and the solutions @y in 2D sub-problems (f
denotes the group name).

group f group ¢ group h
Apl a Jap | w [Ag | o g | w [ Au ] a0 | | w

Ao | ag | Uypo | o | Ago | o | Tgo | Uo | Apo | Qo | Uno | Uo
Afl 0% afl Us Agl a1 fbg1 wy | A | a1 | Up | W
A f2 | Q2 u f2 | U2 AgQ &) @g2 uy | Apa | a5 | Upo | us
Afps | ag | Ups | ug | Ags | ag | Ugs | us | Aps | a3 | Ung | us
Apg | o | Uypg | g | Aga | o | Uga | Ug | Aps | Q6 | Upa | Ug
Aps | aug | Ugs | urg | Ags | a7 | Ugs | Uz | Aps | @11 | Ups | U1n

Age | oug | Upe | Ui | Ags | s | Ugs | Us | Ape | Q13 | Une | Uis

Af? aqg | Ufr | Ulg Ag? Qg | Ug7 | Ug Apr | aug | Upy | Uiy
Apg | ang | g | Ura | Ags | oo | Ugs | Uro | Ang | a1 | Ung | Urs

Update fine grid points of groups ¢, d and e

Until now, we have four groups of fine grid points which have reached sixth-order
solutions. We are going to update other three groups’ fine grid points using the

updated.fine grid.points. First, we create a Y-even grid view which is built up
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with fine grid points from groups a, ¢, f and g. It looks like a combination of the
(even, even, even) coarse grid, the (odd, even, odd) coarse grid, the (odd, even, even)
coarse grid and the (even, even, odd) coarse grid, as in Fig. 3.6. We use this view to

compute sixth-order solutions for the fine grid points of group c.

Y a f a

L,
ooooa/oo

Figure 3.6: Y-even grid view: fine grid points from groups a, ¢, f and g.

The Y-even grid view has mesh-sizes A, 2A and A in the z, y and z coordinate
directions, respectively. In Fig. 3.6, the red-colored grid points, which are from groups
a, f and g, have computed solutions with sixth-order accuracy, while the black-colored
grid points from group ¢ have solutions with fourth-order accuracy. Note that the
black points form vertical lines and we can use a tridiagonal solver in the y direction
with = odd and z = odd to solve all black-colored points line by line. Here we
have N, /2 x N,/2 Y-line 1D sub-problems, where NN, is the number of grid intervals
along the x direction and NN, is the number of grid intervals along the z direction.

The 3-point computational stencil of the Y-line 1D sub-problem is obtained from Eq.
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(3.7) as

Ac—lac—l + ACOﬁCO + Aclacl (312)
= F — aju; — agug — asUus — Qills — Quplly — Qiglly — Qiglly — Qi — 11

— Q2U12 — Q13U13 — QU4 — Q15U — Q1eUUle — Qp7UL7 — (18U,

where the coefficients A, and the 1D solutions @4(l = —1,0,1) of grid points from
group c are set in the group c part of Table 3.2.

At the same time, we are aware that the coefficients (A, and ay) and F' in
Eq. (3.12) are from the unequal mesh-size coarse grid view Y-even and need to be
calculated by the FOC scheme with unequal mesh-size. For the u values in the right
hand side of Eq. (3.12), the computed solutions with sixth-order accuracy from grid
points of groups a, f and g are involved.

Next, we create another grid view to compute sixth-order solutions for the fine
grid points of group d. The grid view called Z-even contains fine grid points from
groups a, d, f and h, which can be viewed as a combination of the (even, even, even)
coarse grid, the (odd, odd, even) coarse grid, the (odd, even, even) coarse grid and the

(even, odd, even) coarse grid, as in Fig. 3.7.

Y

Figure 3.7: Z-even grid view: fine grid points from groups a, d, f and h.

The Z-even grid view has mesh-sizes A, A and 2A in the x, y and 2z coordinate

. In Fig. 3.7, we use red to mark the grid points from groups a,
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f and g with sixth-order solutions, and use black to mark the grid points from group
d with fourth-order solutions. We notice that the black points form lines along the z
direction and a tridiagonal solver can be applied to solve all black-colored points line
by line for x = odd and y = odd. There are N,/2 x N, /2 Z-line 1D sub-problems,
where N, is the number of grid intervals along the z direction and N, is the number
of grid intervals along the y direction. For the Z-line 1D sub-problem, its 3-point

computational stencil is obtained from Eq. (3.7) as

Ag-1Ug—1 + Agolao + A1t (3.13)
=F — oqu; — apug — gz — gty — Quplly — Qigllg — Qiglg — Qoo — Q1 Uiy

— 2U12 — 13U13 — (4U14 — Q15U — Q1eUU1e — Qp7UIT — 18U,

where the coefficients Ay and the 1D solutions a4 (] = —1,0,1) of grid points from
group d are set in the group d part of Table 3.2.

And we also note that the coefficients (A and ag) and F in Eq. (3.13) are related
to the unequal mesh-size coarse grid view Z-even and thus are calculated by the FOC
scheme with unequal mesh-size. For the u values in the right hand side of Eq. (3.13),
the computed solutions of grid points from groups a, f and h are used.

Fine grid points in group e are updated analogously. We combine the (even, even, even)
coarse grid, the (even,odd,odd) coarse grid, the (even,even,odd) coarse grid, and
the (even, odd, even) coarse grid to get an X-even grid view, which contains fine grid
points from groups a, e, g and h, as in Fig. 3.8. We use this view to compute
sixth-order solutions for the grid points of group e.

The X-even grid view has mesh-sizes 2A, A and A in the z, y and 2z coordinate
directions, respectively. In Fig. 3.8, the red-colored points have computed solutions
with sixth-order accuracy, which are from groups a, f and g. The black-colored points
have computed solutions with fourth-order accuracy, which are from group e. Note

that the black points form horizontal lines and we can use a tridiagonal solver in
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Figure 3.8: X-even grid view: fine grid points from groups a, e, g and h.

the = direction with y = odd and z = odd to solve all black-colored points line by
line. There are totally N,/2 x N, /2 X-line 1D sub-problems, where N, is the number
of grid intervals along the y direction and N, is the number of grid intervals along
the z direction. The 3-point computational stencil of the X-line 1D sub-problem is

obtained from Eq. (3.7) as

Ae-1lie—1 + Aeolico + Ae1ler (3.14)

= F — agup — aqug — ai5us — Qgllg — Qi — gy — Qg — (qplio — 1111

— Q2Uy2 — (13U13 — Q4 — Ag5Uys — Qrelle — iy — Qiglss,
where the coefficients A, and the 1D solutions (! = —1,0,1) of grid points from
group e are set in the group e part of Table 3.2.
And we notice that the coefficients (A, and o) and F' in Eq. (3.14) are from

the unequal mesh-size coarse grid view X-even and could be calculated by the FOC

scheme with unequal mesh-size. For the u values in the right hand side of Eq. (3.14),

the computed sixth-order solutions of grid points from groups a, g and h are used.
Update fine grid points of group b

So far, we have updated six groups’ fine grid points and computed sixth-order solu-

st group of fine grid points with fourth-order solutions is group
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Table 3.2: Settings of the coefficients Ay and the solutions 4y in 1D sub-problems (f
denotes the group name).

group ¢ group d group e
Ag Ja | g [w] Aa || Ga |w]| Aa o] Ga | w

Accq | oy | Uy | Uy | Agor | 0 | Ug—1 | Us | Ae1 | Q3 | Ue—r | Us
Ao |ao | U |uo | Aqo | 0 | Tgo | U0 | Aco | Qo | Ueo | Uo
Aa az | U | U2 | Ann | as | Uar | us | Aa Qa1 | Uel | U1

b, which contains (odd, odd, odd) fine grid points. Since every (odd, odd, odd) grid point
is immediately surrounded by grid points with sixth-order solutions, some suitable
interpolation can be used to compute a sixth-order solution. We choose to use a one
step operator based interpolation [80] to update the solution for every (odd, odd, odd)

fine grid point by the following equation

Ui i = [Fijk — 01Wig15k — Q02U i1k — O3Ui—1 5k — Callij—1 (3.15)
— 05U j k+1 — Qe jk—1 — Qrliy1 j4+1,k — O8U—1 41k
— QUj—1,5—1,k — Q10Ui+1,j—1,k — C11Ui4+1,5,k4+1 — Q12U 541 k+1
— 03Ui—1,5,k4+1 — Q14U 51 k+1 — Q15U4+1,5k—1 — Q16U j4+1,k—1

— O17Ui—1,5k—1 — CY18Ui,j—1,k—1]/040-

Here, oy are the coefficients in Eq. (3.7) and Fj ; , represents the right hand side part
of Eq. (3.7). Since all grid points in the right hand side have computed sixth-order
solutions, 1, ;; can get the sixth-order solution.

In the above updating processes, we used multiple coarse grids to generate a series
of direct solutions for fine grid points, which can replace the iterative refinement
procedure so as to improve the computational efficiency. Another potential benefit
of using multiple coarse grids is the concurrency. We notice that the fine grid points
in groups f, g, and h can be updated in parallel since the computational processes
only depend on the grid points from group a with sixth-order solutions. In addition,

within each groupsssall 2D sub-problems can be computed simultaneously. For the
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fine grid points in groups ¢, d and e, they can also be updated in parallel since the
computational processes only need updated grid points with sixth-order solutions
from groups a, ¢, d and e. Therefore, the proposed MCG updating strategy has
potential to be suitable for current generation supercomputers with large numbers of

Processors.

3.3.3 MSMG Method with Richardson extrapolation and MCG updating
strategy for the 3D convection-diffusion equation

By now, we have described all the strategies needed to compute a high accuracy
solution for the 3D convection-diffusion equation with high efficiency. Algorithm 3

gives out the complete description.

3.4 Numerical Results

We tested our sixth-order method (MCG-update-six) and compared the results with
Wang-Zhang’s sixth-order method (Iter-update-six) [80]. The codes were written in
Fortran 77 programming language and all computations were run on one node of the
Lipscomb HPC Cluster at the University of Kentucky. The node has 12 cores with
2.66GHz and 36 GB RAM.

The domain 2 for the following two test cases was the unit cube (0,1)3. For
both cases, we tested for various Reynolds numbers, respectively. For the diffusion-
dominant equations with small Reynolds number, we could get almost sixth-order
solutions since the computed solutions from the FOC scheme have the order of four
in accuracy and p in Richardson extrapolation Eq. (3.8) is set as 4 so that the
extrapolated solution could be upgraded to the order of six. When the Reynolds
number increases, the order of accuracy of computed solutions using the FOC scheme
varies from four to two and the accuracy improvement from the extrapolation is
degraded [81].

We used the standard V(1,1)-cycle in the MSMG method. The initial guess for the
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Algorithm 3 Sixth order compact approximation for the 3D convection-diffusion
equation using the MSMG method with the MCG updating strategy and Richardson
extrapolation

1. Use the MSMG method to compute the fourth-order solutions u?2 € Q3, and
A 4

u™ € QA.

2. Divide fine grid points on 2 into eight groups, see Fig. 3.2.

3. Update fine grid points of group a.

From u?2 ¢ Q‘Q1 A and u? € Q4, compute @2 € Qg A by Richardson extrapolation using

Eq. (3.8); Directly interpolate the sixth-order coarse grid solutions af?k to the corre-

sponding fine grid points in group a to get QZAi,2j,2k € QGA.

4. Update fine grid points of groups f, g and h.

Use fine grid points from groups a and f to create an X-odd grid view, see Fig. 3.3; Solve
N, /2 2D sub-problems using Eq. (3.9) to get ﬂiAQj o € Q4 for fine grid points of group
f-

Use fine grid points from groups a and ¢ to create a Z-odd grid view, see Fig. 3.4; Solve
N_./2 2D sub-problems using Eq. (3.10) to get 122% 2k € Q8 for fine grid points of group
g.

Use fine grid points from groups a and h to create a Y-odd grid view, see Fig. 3.5; Solve
N, /2 2D sub-problems using Eq. (3.11) to get ﬂé,j,zk € QY for fine grid points of group
h.

5. Update fine grid points of groups c, d and e.

Use fine grid points from groups a, f, g and c to create a Y-even grid view, see Fig. 3.6;
Solve N, /2 x N,/2 1D sub-problems using Eq. (3.12) to get a$2j,k € QY for fine grid
points of group c.

Use fine grid points from groups a, f, h and d to create a Z-even grid view, see Fig. 3.7;
Solve N/2 x N,/2 1D sub-problems using Eq. (3.13) to get ﬁZAﬂk € QY for fine grid
points of group d.

Use fine grid points from groups a, g, h and e to create an X-even grid view, see Fig. 3.8;
Solve N,/2 x N./2 1D sub-problems using Eq. (3.14) to get ﬂ’QAi,j,k € QX for fine grid
points of group e.

6. Update fine grid points of group b.

For every fine grid point of group b, do a one step operator based interpolation on Qa
using

Eq. (3.15) to get 4% 1 9419511 € A
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V-Cycle on Q4 was the zero vector. The multigrid V-cycle on Q54 and Q2 stopped
when the L2norm of the difference of the successive solutions was reduced by a
factor of 10'°. In the Iter-update-six method, the refinement iterative procedure was
terminated when the L?-norm of the correction vector of the approximate solution was
less than 1071°. In the MCG-update-six method, there are two selections for 2D sub-
problem solver. One is traditional iterative methods, such as Gauss-Seidel method.
The other is multigrid methods. We compared them in numerical experiments and
set the stopping criteria for both as 1071°. Though literatures [48, 73] show that exact
solutions of 2D sub-problems are not necessary in solving 3D problems and that one
multigrid cycle or Gauss-Seidel relaxation is sufficient, we computed full converged
solutions here. By setting the same stopping criteria in the MCG updating process as
in the iterative refinement procedure, we could compare the two sixth-order methods
under the conditions as close as possible. The errors reported were the maximum

absolute errors over the finest grid.
3.4.1 Test problem 1

The first test problem is

u(z,y, z) = cos(dx + 6y + 8z2)
p(z,y,2z) = Resinysin z cos x
q(z,y,z) = Resinxsin z cosy
r(x,y,z) = Resinxsiny cos z

This problem has variable coefficients and the constant Re represents the magni-
tude of the convection coefficients. The Dirichlet boundary conditions and the forcing
term f are set to satisfy the exact solution. Assume N, = N, = N, = n. We used
the point Gauss-Seidel relaxation as the smoother for both sixth-order methods in
the MSMG computation.

We first set Re = 0, which reduces the problem to a 3D Poisson equation. Table
3.3 contains the numerical results, which compare the maximum absolute errors, the

CPU._time. in_seconds, the number of iterations and the order of accuracy for the
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computed solutions. The number of iterations has three parts. They are the number
of V-cycles for 294, the number of V-cycles for 24, and the number of iterations
for the iterative operator based interpolation in the Iter-update-six method. There
are two kinds of recorded CPU time. “Total CPU” is the elapsed time for the whole
solving process of the problem. “Updating CPU” is the CPU time for fine grid
updating to reach the sixth-order solution from the fourth-order solutions on the fine
and coarse grids. For the Iter-update-six method, this part is the iterative refinement
procedure with Richardson extrapolation. For the MCG-update-six, it is the MCG
fine grid updating process with Richardson extrapolation.

Table 3.3: Comparison of the number of iterations, the CPU time in seconds, the max-
imum errors and the order of accuracy between the Iter-update-six method and the

MCG-update-six methods with different 2D sub-problem solvers for solving Problem
1 with Re = 0.

n Method # iteration | Total CPU(s) | Updating | Error | Order
CPU(s)
Iter-update-six (8,11), 33 0.005 0.002 1.55e-3 -
8 | MCG-update-six(2D-line) (8,11), - 0.005 0.001 5.64e-3 -
MCG-update-six(2D-MG) (8,11) - 0.006 0.002 5.64e-3 -
Iter-update-six (11,12), 43 0.050 0.018 4.90e-5 4.98
16 [ MCG-update-six(2D-line) | (11,12), - 0.042 0.010 | 1.19e4 | 557
MCG-update-six(2D-MG) | (11,12) - 0.043 0.011 1.19e-4 | 5.57
Iter-update-six (12,11), 44 0.447 0.171 1.15e-6 5.41
32 | MCG-update-six(2D-line) | (12,11), - 0.360 0.084 2.05e-6 | 5.86
MCG-update-six(2D-MG) | (12,11), - 0.363 0.087 2.05e-6 | 5.86
Iter-update-six (11,11), 43 4.847 2.557 2.14e-8 5.75
64 | MCG-update-six(2D-line) (11,11), - 1.990 0.672 3.31e-8 5.95
MCG-update-six(2D-MG) | (11,11), - 2.999 0.680 3.31e-8 | 5.95
Iter-update-six (11,11), 39 42.148 22.862 3.81e-10 | 5.81
128 [ MCG-update-six(2D-line) | (11,11), - 24.052 5548 | 5.56e-10 | 5.90
MCG-update-six(2D-MG) | (11,11), - 25.005 5.601 | 5.56e-10 | 5.90

Table 3.3 verifies that the new MCG updating strategy is more efficient than
the iterative updating strategy. When the mesh became finer, the CPU time for
the Iter-update-six method increased very quickly and was mainly from the iterative
refinement procedure, which is demonstrated by the “Updating CPU” column. For

the MCG-update-six.amethod, since we used a series of direct solutions to update fine
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Figure 3.9: Comparison of the maximum errors and the total CPU time between the
Iter-update-six method and the MCG-update-six(2D-line) method for solving Prob-
lem 1(Re=0). Each symbol with increasing CPU time corresponds to an increasing
fine grid: 8, 16, 32, 64, and 128 intervals.
grid points and thus eliminated the iterative refinement procedure on the 3D fine grid,
the CPU time for the updating process was reduced effectively. For instance, when
n = 128, the Iter-update-six method spent 42.148 seconds to solve the problem and
22.862 seconds on the iterative updating procedure on the finest grid; while the MCG-
update-six with Gauss-Seidel line solver for the 2D sub-problems took 24.952 seconds
for solving the whole problem and 5.548 seconds for computing sixth-order solutions
for the finest grid points. As to the solution accuracy, though the Iter-update-six
method showed a little bit more accurate than the MCG-update-six method, their
maximum absolute errors for different discretized grids were in the same order of
magnitude. The order of accuracy for the computed solutions from both methods
were close to six as we expected.

Table 3.3 also compares two kinds of 2D sub-problem solver. “MCG-update-

six(2D-line)” used the line Gauss-Seidel iterative method to solve the 2D sub-problems
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and “MCG-update-six(2D-MG)” used the multigrid method with Red Black Gauss-
Seidel relaxation to solve the 2D sub-problems. By using either 2D solver, the MCG-
update-six computed the same accurate solution, which means both methods had
converged when solving the 2D sub-problems. The experimental results show that
the line Gauss-Seidel solver ran a little bit faster than the multigrid method.

Fig. 3.9 describes the relationship between the maximum errors and the total
CPU cost for the two sixth-order methods. It illustrates that the MCG-update-
six(2D-line) method spent less time than the Iter-update-six method to compute a
certain accurate solution. When a solution with high accuracy is required, such as the
maximum error is no more than 1078, the superiority of the MCG-update-six method
on computational time is apparent.

Similar conclusions are summarized in Table 3.4 when Re = 10. First, the MCG-
update-six method ran faster than the Iter-update-six method and the efficiency ben-
efits were mainly from the new updating strategy. Second, the solution accuracy
obtained from both methods was comparable. Third, both 2D solvers converged in
2D sub-problem solutions and the line Gauss-Seidel solver did slightly faster.

For better understanding, we plotted the updating CPU time in two sixth-order
methods for solving the Problem 1 with Re = 10 on different scale grids in Fig. 3.10.
It is obvious that the MCG updating strategy has higher computational efficiency
and better scalability than the iterative refinement procedure.

Then we tested for large Reynolds number cases (Re = 10° and Re = 10%) and
reported numerical results in Table 3.5. We chose Gauss-Seidel line solver for 2D sub-
problems in the MCG-update-six method. From Table 3.5 we find that the MCG-
update-six method has obvious advantages in computational efficiency for difficult
problems with large Reynolds number. For instance, when Re = 10* and n = 128,
the iterative refinement procedure needed 240.833 seconds to update solutions on the

finest grid, while the MCG strategy only took 12.589 seconds. For solving the whole
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Table 3.4: Comparison of the number of iterations, the CPU time in seconds, the max-
imum errors and the order of accuracy between the Iter-update-six method and the
MCG-update-six methods with different 2D sub-problem solvers for solving Problem

1 with Re = 10.
n Method # iteration | Total CPU(s) | Updating | FError | Order
CPU(s)
Iter-update-six (9,12), 34 0.005 0.002 1.95e-3 -
8 | MCG-update-six(2D-line) (9,12), - 0.006 0.003 8.76e-3 -
MCG-update-six(2D-MG) (9,12), - 0.006 0.003 8.76e-3 -
Iter-update-six (12,13), 46 0.052 0.019 6.13e-5 | 4.99
16 [ MCG-update-six(2D-line) | (12,13), - 0.051 0.0I8 | 2.0604 | 5.41
MCG-update-six(2D-MG) | (12,13) - 0.051 0.018 | 2.06e-4 | 5.41
Iter-update-six (13,12), 47 0.460 0.182 1.40e-6 | 5.45
32 | MCG-update-six(2D-line) | (13,12), - 0.416 0.138 3.69e-6 | 5.80
MCG-update-six(2D-MG) | (13,12), - 0.427 0.149 3.69e-6 | 5.80
Iter-update-six (12,12), 44 5.089 2.655 2.56e-8 5.76
64 | MCG-update-six(2D-line) (12,12), - 3.558 1.121 6.03e-8 5.93
MCG-update-six(2D-MG) | (12,12), - 3.643 1.213 6.03e-8 | 5.93
Iter-update-six (12,11), 40 40.069 20.807 9.70e-10 | 4.72
128 | MCG-update-six(2D-line) | (12,11), - 28.387 9.133 1.40e-9 | 5.43
MCG-update-six(2D-MG) | (12,11), - 29.219 9.043 | 1.40e-9 | 5.43
20 - —m— |ter-update-six -
—o— MCG-update-six(2D-line)
- 15 4
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Figure 3.10: Comparison of the updating CPU time and the number of grid intervals
between the Iter-update-six method and the MCG-update-six(2D-line) method for
solving Problem 1 (Re = 10). Each symbol with increasing CPU time corresponds
to an increasing fine grid: 8, 16, 32, 64, and 128 intervals.
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Table 3.5: Comparison of the number of iterations, the CPU time in seconds, the
maximum errors and the order of accuracy between the Iter-update-six method and
the MCG-update-six methods for solving Problem 1 with Re = 10® and Re = 10*.

Re | n Method # iteration Total CPU(s) | Updating | Error | Order
CPU(s)

16 | Iter-update-six (47,67), 91 0.155 0.039 1.07e-2 | 2.84
MCG-update-six (47,67), - 0.135 0.020 4.21e-2 | 2.64

32 | Iter-update-six (67,87), 96 1.683 0.378 1.05e-3 | 3.36

103 MCG-update-six (67,87), - 1.452 0.155 3.77e-3 | 3.48
64 Iter-update-six (87,124), 67 19.950 4,146 3.41e-5 | 4.94
MCG-update-six (87,124), - 16.788 1.187 1.41e-4 | 4.74

128 | TIter-update-six (124,181), 59 226.062 40.959 7.17e-7 | 5.57
MCG-update-six (124,181), - 195.657 9.477 2.86e-6 | 5.62

16 Iter-update-six (54,150), 126 0.288 0.053 1.77e-2 | 2.20
MCG-update-six (54,150), - 0.253 0.020 5.15e-2 | 2.35

32 Iter-update-six (150,369), 230 5.898 0.889 3.3%-3 | 2.38

10 MCG-update-six | (150,369, - 5.150 0.181 | 8.46e-3 | 2.61
64 | Tter-updatesix | (369,382), 348 68.695 20.755 | 4.900-4 | 2.79
MCG-update-six (369,382), - 48.987 1.679 1.01e-3 | 3.07

128 Iter-update-six (382,360), 422 671.852 240.833 3.55e-5 | 3.79
MCG-update-six (382,360), - 389.847 12.589 7.24e-5 | 3.80

problem, the Iter-update-six method spent 671.852 seconds while the MCG-update-
six method took 389.847 seconds, which denotes that, compared to the Iter-update-
six method, the proposed sixth-order method is able to save 40% computing time
for solving this difficult problem. And we also note that the magnitude of Reynolds
number affected the computed solution accuracy inversely. The reason lies in the
effects of high Reynolds number on the fourth-order and sixth-order truncation error
terms from the FOC scheme. More details about the analysis of such affects can be

referred to [81].
3.4.2 Test problem 2

The second test case is from a test problem of Gupta and Zhang’s high accuracy

multigrid solution of the 3D convection-diffusion equation [36], which can be written
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Table 3.6: Comparison of the number of iterations, the CPU time in seconds, the max-
imum errors and the order of accuracy between the Iter-update-six method and the
MCG-update-six methods with different 2D sub-problem solvers for solving Problem
2 with Re = 10.

n Method # iteration | Total CPU(s) | Updating | Error | Order
CPU(s)
Iter-update-six (9,12), 28 0.005 0.001 2.17e-4 -
8 | MCG-update-six(2D-line) (9,12), - 0.007 0.003 5.96e-4 -
MCG-update-six(2D-MG) (9,12) - 0.007 0.003 5.96e-4 -
Iter-update-six (12,12), 36 0.046 0.014 5.86e-6 5.21
16 [ MCG-update-six(2D-line) | (12,12), - 0.056 0.025 | 1.4605 | 5.35
MCG-update-six(2D-MG) | (12,12) - 0.057 0.026 | 1.46e-5 | 5.35
Iter-update-six (12,12), 35 0.411 0.136 1.24e-7 5.56
32 | MCG-update-six(2D-line) (12,12), - 0.459 0.187 2.85e-7 5.68
MCG-update-six(2D-MG) | (12,12), - 0.469 0.197 | 2.85¢7 | 5.68
Iter-update-six (12,11), 30 4.715 2.382 2.44e-9 5.68
64 [ MCG-update-six(2D-Tine) | (12,11), - 3.821 1524 | 5119 | 5.80
MCG-update-six(2D-MG) | (12,11), - 3.858 1567 | 5.11e-9 | 5.80
Iter-update-six (11,11), 25 34.960 15.959 2.41e-10 | 3.34
128 | MCG-update-six(2D-line) (11,11), - 30.967 11.940 2.75e-10 | 4.23
MCG-update-six(2D-MG) | (11,11), - 32.010 12.668 | 2.75¢-10 | 4.23

as

w(z,y,z) =zyz(1 —2)(1 —y)(1 — 2)exp(x + y + 2)
p(z,y,z) = Resinysin z cos x

q(z,y,z) = Resinxsin z cosy

r(z,y,z) = Resinxsiny cos z

First, we used the point relaxation smoothers in the MSMG computation and
tested a diffusion-dominant equation with a small Reynolds number (Re=10). The
numerical comparison on two strategies were listed in Table 3.6. When the number
of intervals was relatively small (n < 32), the Iter-update-six method yielded better
performance. When n became large, the MCG-update-six method ran faster and
kept comparable solution accuracy. Therefore, the proposed method is a scalable
computational strategy. As for the 2D sub-problem solvers in the MCG-update-six
method, both methods converged and the line Gauss-Seidel solver consistently showed
a little bit superiority in computational efficiency.

Then we compared two methods in solving some convection-dominated equations.

We chose the line Gauss-Seidel solver for 2D sub-problems in the MCG-update-six
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Table 3.7: Comparison of the number of iterations, the CPU time in seconds, the
maximum errors and the order of accuracy between the Iter-update-six method and
the MCG-update-six methods for solving Problem 2 with Re = 10® and Re = 10*.

Re | n Method # iteration Total CPU(s) | Updating | Error | Order
CPU(s)

16 Iter-update-six (52,67), 72 0.147 0.030 7.93e-3 | 2.55
MCG-update-six (52,67), - 0.144 0.027 1.32e-2 | 2.62

32 | Iter-update-six (67,83), 72 1.588 0.286 2.88e-4 | 4.78

103 MCG-updatesix | (67,83), - 1.450 0.201 | 6.980-4 | 4.24
64 | Tter-update-six (83,117), 51 18.975 3.904 4.72e-6 | 5.93
MCG-update-six (83,117), - 16.381 1.547 1.95e-5 | 5.16

128 | TIter-update-six (117,170), 45 204.996 27.525 1.05e-7 | 5.49
MCG-update-six (117,170), - 189.660 12.343 4.18e-7 | 5.54

16 Iter-update-six (63,189), 97 0.335 0.041 1.19e-2 1.81
MCG-update-six (63,189), - 0.320 0.027 1.72¢e-2 | 2.18

32 Tter-update-six | (189,401), 166 6.082 0.644 3.16e-3 | 1.91

10 MCG-update-six | (189,401), - 5.658 0224 | 351e3 | 2.29
64 | Tter-updatesix | (401,358), 235 64.733 18654 | 3.060-4 | 3.37
MCG-update-six (401,358), - 47.213 1.912 3.28e-4 | 3.42

128 Iter-update-six (358,342), 277 525.251 161.614 | 6.12e-6 | 5.64
MCG-update-six (358,342), - 373.307 14.621 8.45e-6 | 5.28

method. Numerical results for Re = 10° and Re = 10* are described in Table 3.7
and Fig. 3.11. It is visible that the proposed method performed better on scalability
and efficiency when we increased the number of grid intervals, especially for the prob-
lem with large Reynolds numbers. For instance, when Re = 10* and n = 128, the
MCG-update-six method took nearly 30% less total CPU time than the Iter-update-
six method to compute a solution with the same magnitude error. The improvement
is from the new MCG updating strategy, which can be used to eliminate the itera-
tive refinement procedure for high accuracy solution computation on the finest grid.
The CPU time saved by the MCG updating strategy is displayed in the column of
“Updating CPU” in Table 3.7. Again, the experimental results show that for large

magnitude of Reynolds number, the convergence and the computed accuracy were

severely degraded.
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Figure 3.11: Comparison of the maximum absolute errors and the CPU time for
solving Problem 2 (Re = 10*). Each symbol with increasing CPU time corresponds
to an increasing fine grid: 16, 32, 64, and 128 intervals.

3.5 Concluding Remarks

We improved the sixth-order compact computation for the 3D convection-diffusion
equation. A new fine grid updating strategy based on the MCG computation is
proposed, which can replace the iterative refinement procedure on the finest grid
in the current MSMG method for the sixth-order compact approximation. We also
derived a 19-point FOC scheme with unequal mesh-size for the 3D convection-diffusion
equation. An algorithm is given to describe our sixth-order compact computation for
the 3D convection-diffusion equation by using the MSMG method with the MCG
updating strategy and the Richardson extrapolation technique.

The numerical results show that the MSMG method with the MCG updating
strategy is more cost-effective than the MSMG method with the iterative refinement
procedure to compute solutions with comparable accuracy. The proposed method

also demonstrates a better scalability for problems with a large number of unknowns.
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In addition, the MCG updating strategy supports concurrency and has good potential

for parallelization.

Copyright (© Ruxin Dai 2014
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4 Sixth-Order Solution with Completed Richardson Extrapolation for
Steady-State Equations

4.1 Introduction

In this chapter, we consider another type of Richardson extrapolation-based sixth-
order method, which uses the completed Richardson extrapolation technique to pro-
duce sixth-order solutions at all fine grid points. The completed Richardson extrapola-
tion was first developed by Roache and Knupp [60] to produce a fourth-order solution
on the fine grid. They did not use the extrapolated fourth-order solution but rather
the correction between the second-order solution and the fourth-order solution in the
interpolation process. Here, we borrow the idea from the completed Richardson ex-
trapolation and similarly use the correction between the fourth-order solution and the
extrapolated sixth-order solution rather than the extrapolated sixth-order solution to
obtain a sixth-order solution on the entire fine grid. Since the completed Richardson
extrapolation procedure neither requires special treatment for near-boundary points,
nor involves significant computational cost, we can expect to reach high efficiency at
the same time.

Consider a 1D uniform fine grid j = 0,1, 2, ... with mesh-size h on which a fourth-
order solution is computed by some FOC scheme. A separate fourth-order solution
on the subgrid (coarse grid) with mesh-size 2h of even points j = 0,2,4... can also
be computed. By applying Richardson extrapolation, a sixth-order solution on the
subgrid of even-numbered grid points 7 = 0,2,4, ... is obtained. We want to obtain
a sixth-order solution on the fine grid points which were skipped in the Richardson
extrapolation process, i.e., the odd-numbered grid points ;7 = 1,3,5, ... Instead of
seeking some appropriate interpolation on the extrapolated sixth-order solution [69],
the difference between the fourth-order solution and the extrapolated sixth-order
solution can be utilized.

Let s be the exact solution at grid point j, u? be the fine grid fourth-order
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solution, and u3" be the subgrid fourth-order solution. The extrapolated sixth-order
solution @, is obtained on the odd-numbered grid points by Richardson extrapolation
as
~ 6 5 1 o0
U; = —u; ——us". = even

AT AT A A
This extrapolation can be conveniently expressed in terms of ¢;, the correction from

the fourth-order solution to the sixth-order solution, as
uj = u? +c¢j, J=even (4.1)

where
Loy

= 1—5(% - ufh) Jj = even (4.2)

Cj
This ¢; can be considered a fourth-order accurate error estimator.

The solution accuracy has the definition of

w, o= ul+ AR+ O(R°T), = even (4.3)
Wi = Uy Apaht O, (4.4)
Ujg = u?+2 + Aj+2h4 +O(h™m), (4.5)

where the As are the coefficients of the leading error terms, which vary spatially and is
independent of h. By using simple two-point linear interpolation on smooth solutions,

we have

Aj1 =1/2(Aj 4+ Aj2) + O(h?).  j+1=o0dd (4.6)

Increasing the order of this interpolation will not improve the order of the overall
method since the accuracy is limited by the error terms of O(h5*™).

Evaluating A; for even-numbered points from Eq. (4.3) gives

(4.7)

(4.8)
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Substituting (4.8) into (4.7) obtains

1
A; = ﬁ[aj - u? +O(R>™™)].  j = even (4.9)
Similarly,
1 o
Ajia = ﬁ[ujw — U?+2 +O(R™™)].  j = even (4.10)

Using (4.9) and (4.10) in (4.6) gives

1 i o
2—h4[uj—u?+uj+2—u?+2+0(h5+ ). j+1=odd (4.11)

Ajr =
This defines the completed Richardson extrapolation method.
For clarity we can write the correction ¢; of (4.1) from the fourth-order solution

to the (5 + m)th order solution as

cj=u; —uj. j=even (4.12)

Eq. (4.12) is the correction of the original Richardson extrapolation. Then at the
odd-numbered fine grid points, not covered by the the original Richardson extrapo-
lation, the correction from the fourth-order solution to the (5 + m)th order solution
is approximated by

Ujp1 = U?+1 +cjy1, J+1=odd
where

1 .

Cjt1 = é(Cj + i), J+1=odd
The second error term of the fourth-order solution, O(h**™) in Eq. (4.3), will limit the
accuracy of the completed Richardson extrapolation. When using the FOC scheme
Eq.(1.7), there is no fifth-order error term and thus the completed Richardson ex-

trapolation can obtain the sixth-order accurate solution.

4.2 Sixth-Order Solution with Completed Richardson Extrapolation for
2D Problems

For 2D problems, let u;; be the exact solution at fine grid point (1,7), ufj be the

t fine grid point (7, j) with mesh-size h, and uf’; be the fourth-
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order solution at coarse grid point (i,j) with mesh-size 2h. Then the Richardson

extrapolation formula
16ub, o — uh)
~2h ( 24,25 i,J
2h 4.13
UZJ 15 ( )

is used to compute the sixth-order solution ;" on the coarse grid.
By using direct interpolation, the sixth-order solution ﬂ’z‘mj at fine grid point
(2¢,27) is obtained from the extrapolated sixth-order solution @ at coarse grid point

(7,7). Then we can write

~h 16 i 2h

Ugj 05 = 1_5U2¢,2j - 15ui,j' (4.14)

We rewrite the extrapolation in terms of cgmj, the correction from the fourth-order

solution to the sixth-order solution for (even,even) fine grid points, as

“h R h
Us; 05 = Usg; 05 T Coj o), (4.15)
where
1
oo h 2h
Cojj = 1_5(u2i,2j - ul])

Then, we consider (odd,odd) fine grid points. If we use Eq. (2.10) to compute

fourth-order accurate solutions, we have

up; =ul; 4+ Akt + O(R°), i =odd,j = odd (4.16)
Uiyy 1 = “?+1,j+1 + Aiyrjnh' + O(R°), (4.17)
U1 jo1 = Uy o+ Avpr b+ O(R°), (4.18)
Ui_g g = u?—l,j—i—l + Aiyjah + O(R0), (4.19)
Wiy =l + Aisgjoht + O(RY), (4.20)

where As are the coefficients of the leading error terms, which vary spatially and is
independent of h.

By using rotated grid interpolation on smooth solutions, as Fig. 4.1(a), we have

i1+ A1+ A + A1) + O(h?) (4.21)
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for (odd, odd) fine grid points. Since there is an h* term with the A in Eq. (4.16), a
second-order interpolation of A is enough to achieve the order of six accuracy.

Evaluating A, 11 from Eq. (4.17) gives

1 *
Aiy1j11 = ﬁ[uiﬂ,g’ﬂ - “?+1,j+1 + O(h%)]. (4.22)

Since the fine grid points (i + 1,7 + 1) (i = odd, j = odd) are (even, even) fine grid
points with sixth-order solutions, we have
u:—l—l,j-i—l = ﬂ?+1,j+1 + O(hﬁ)- (4.23)

Substituting Eq. (4.23) into Eq. (4.22), we obtain

1
Aiprj+1 = F[U?ﬂ,jﬂ - “?+1,j+1 + O(h6)]- (4.24)

Similarly, for Ai—i—l,j—la Ai—l,j+17 and Ai—l,j—l from Eqs (418), (419) and (420) we

obtain
1.
Aiy1j-1= ﬁ[u?+1,j—1 - U?+1,j—1 + O(hG)]a (4.25)
1.
Aicrj = ﬁ[uzh—l,jﬂ - uzh—l,j—i-l + O(h(j)]: (4.26)
1.
Ai—l,j—l = ﬁ[u?—l,j—l - u?—l,j—l + O(h6)]- (4-27)

Using Eqgs. (4.24) ~ (4.27) in Eq. (4.21) gives

1 .. N
ij = 4_h4[(“?+1,j+1 - “?+1,j+1) + (U’?—H,j—l - U?+1,j—1)
+ (a?—l,j—i-l - “?—1,j+1) + (a?—l,j—l - U?—1,j—1) + O(hﬁ)]- (4.28)

Substituting Eq. (4.28) into Eq. (4.16) gives

1. . N
up ;= U?g + Z[(u?—i-l,j—i-l - u?—l—l,j—l—l) + U?+1,j—1 - “?+1,j—1)
+ (ﬂ?—1,j+1 - u?—l,j—l—l) + (ﬂ’?—l,j—l - U’?—l,j—l)] + O(h°). (4.29)

Since we have Eq. (4.15) for (even, even) fine grid points, we can compute sixth-order

solutions for (odd, odd) fine grid points by Eq. (4.29) as

al; =ul; 4+, i=odd,j=odd (4.30)

Z’-] Z?j ?
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(i-1, j+1) (i+1, j+1) ® @i, j+1)

e o - o
(-1, ) @i 1) (i+1, )
(i+1,j-1) @ (i1
a) Rotated grid interpolation scheme. tandard grid interpolation scheme.
(a) Rotated grid i lation sch (b) Standard grid i lation sch.

Figure 4.1: Illustration of the interpolation strategy in 2D.

where

h

_ Lo h h h
Cij = Z(Cz’—‘rl,j—i-l + o1t il T Gl o1)-

By now, we have obtained corrections from the fourth-order solution to the sixth-
order solution for (even,even) and (odd, odd) fine grid points, which can be viewed
as fourth-order accurate error estimators. We use them to generate fourth-order
accurate error estimators for (even, odd) and (odd, even) fine grid points.

By using standard grid interpolation on smooth solutions, as Fig. 4.1(b), we have

1
Aij = Z(AiJrl,j + A1y + Agjr 4 Aijor) + O(R?) (4.31)

for (odd, even) and (even, odd) fine grid points.
Analogously, we can generate correction terms to obtain the computation formula for

sixth-order solutions as

“h . h h L -
u;; =ug;+cy, 1 =odd,j = even
i = even,j = odd (4.32)
where
1
ho_ L¢h h h h
Cig = 7(Cipng + Glag + Gl i)
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Since another two grid interpolations are involved, i.e., Egs. (4.21) and (4.31),
the error on the (odd, odd), (odd, even) and (even, odd) fine grid points will be larger

than that on the (even, even) fine grid points, though still be O(h®).

4.3 Extension to 3D Problems

For 3D problems, we have the Richardson extrapolation formula

16ul. o0 — u2t )
~9h _( 2i,25,2k 1,9,k
a2, = = (4.33)

to compute the sixth-order solutions at (even, even, even) fine grid points. We can
analogously use the correction between the fourth-order solution and the extrapolated
sixth-order solution at (even, even, even) fine grid points to construct the fourth-order
error estimators for other groups of fine grid points. Thus, we have the following

formulas for the computation of the sixth-order solution as

“h .k h
Ui gk = Uigk T Cijk (4.34)
where
h 1 ( h .2k ) S N k=
iy =Tz (Usijn = W54, i = even,j = even, k = even
no L ) | = even, j = even, k = odd
€ij= 5 \Coj—1 T Cijhr1); ¢ =even,) = even,k =0
h —l(h + ¢4 ) — ) = odd. k =
Chg=5 (i + Cigrin); i = even,j = odd, k = even
Ciji = \Cimt gk T CitLih); i = oad,) = even, k = even
1
ho_Lon h h h L _ _
Cz’,j,k—Z(ci,j—l,k—l F ¢kt Gk T Gyk), @ =even,j = odd, k = odd
1
ho_Lon h h h - . _
Ci,j,k_Z(ci—l,j,k—l T T et Ghgen), 1= odd, j = even, k = odd
1
ho_Lon h h h L - _
Ci,j,k—z(ciq,jq,k + Gk T Gk T Ghagrie), @ =odd, j = odd, k = even
A 1

_h h h
Ci,j,k_g(ci—l,j—l,k—l TGt j—1h+1 T Cim1 1 k-1
h h h

+ Gk T G —1e—1 T Gk

k) i =odd,j = odd,k = odd
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4.4 Numerical Results

In this section, we tested the sixth-order method with completed Richardson extrap-
olation and compared it with Wang-Zhang’s sixth-order method [79, 80] in accuracy
and efficiency experimentally. The codes were written in Fortran 77 programming
language and run on one login grid point of Lipscomb HPC Cluster at the University
of Kentucky. The grid point has Dual Intel E5-2670 8 Core (totally 16 cores) with
2.6GHz and 128GB RAM.

Since the proposed sixth-order method is based on Richardson extrapolation, it
can also be integrated into the MSMG computation for the purpose of high compu-
tational efficiency. We used standard V(1,1)-cycle algorithm in the MSMG computa-
tion. The initial guess for the V-cycle on €y, was the zero vector. The V-cycles on
Q9 and €, stopped when the L2-norm of the difference of the successive solutions
was reduced by a factor of 10'°. The iterative operator based interpolation procedure
stopped when the L2-norm of the correction vector of the approximate solution was
less than 1071°. All of the errors reported were the maximum absolute errors over

the finest grid.
4.4.1 Test problems

We chose a 2D Poisson equation and a 3D convection-diffusion equation with small
Reynolds number (Re) as test problems. For the 2D test problem, the 9-point FOC
scheme (2.9) was used to compute fourth-order solutions on different scaled grids. For
the 3D test problem, the 19-point finite difference scheme (3.7) was used to compute
different discretized fourth-order solutions.

Problem 1.

’u  0%u

~ 8_@/2 = 272 sin(mx) cos(my), (z,y) € Q=10,4] x [0, 1], (4.35)

which has the Dirichlet boundary condition.
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The analytical solution is
u(z,y) = sin(mx) cos(my).
Problem 2.

Uz + uyy + Uzz —|—p($,y, Z)uw + Q(l',y, Z)uy + T(ﬂﬂ,y, Z)uz = f(x7y7 Z),

(x,y,2) € Q=10,1] x [0,1] x [0,1], (4.36)
where the coefficients of Eq. (4.36) are set as

p(z,y,2) = q(z,y,2) =r(z,y,2) = Re.
The analytical solution is

u(z,y, z) = cos(4x + 6y + 82).
4.4.2 Accuracy and efficiency

In order to test accuracy and efficiency of the proposed method, we refined the grid
from N = 32 to N = 256 for Problem 1 and from N = 16 to N = 128 for Problem 2,
where N is the number of intervals in one coordinate direction. For convenience, in
the comparison between the two Richardson extrapolation-based sixth-order methods,
we use the following abbreviations: “Op-Six” is short for Wang-Zhang’s sixth-order
method with Richardson extrapolation and iterative operator based interpolation
(79, 80]; “CR-Six” denotes the present sixth-order method with completed Richardson
extrapolation.

Maximum errors, the computed accuracy order and CPU time in seconds are listed
in Table 4.1. The solutions from both methods can achieve sixth-order accuracy. The
column error shows that, for both test problems, the computed solutions from the CR-
Six method are slightly more accurate than that from the Op-Six method. Table 4.1

also shows that the CR-Six method requires less CPU time than the Op-Six method to
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Table 4.1: Numerical comparison between the sixth-order method with Richardson
extrapolation and iterative operator based interpolation and the sixth-order method
with completed Richardson extrapolation

Test Problem 1 N | Error Order CPU(s)
Op-Six 32 | 2.498e-6 - 0.007
64 | 4.582e-8 5.77 0.031
128 | 7.662e-10  5.90 0.124
256 | 1.234e-11  5.96 0.491
CR-Six 32 | 8.927e-7 - 0.004
64 | 1.362e-8 6.03 0.022
128 | 2.105e-10  6.02 0.090
256 | 3.270e-12  6.01 0.393

Test Problem 2 (Re=10) | N | Error Order CPU(s)
Op-Six 16 | 3.547e-4 - 0.021
32 | 9.234e-6 5.26 0.159
64 | 1.764e-7 5.71 0.907
128 | 3.062e-9 5.85 5.576
CR-Six 16 | 1.595e-4 - 0.013
32 | 2.517e-6 5.99 0.108
64 | 3.842e-8 6.03 0.732
128 | 9.324e-10  5.36 3.872

compute solutions with comparable accuracy. The higher computational efficiency of
the CR-Six method is due to the avoidance of using the iterative refinement procedure
appeared in the Op-Six method, which has a low convergence rate and thus takes a

certain amount of CPU time.

4.5 Concluding Remarks

We presented the sixth-order compact approximation with completed Richardson ex-
trapolation and compared it with an existing Richardson extrapolation-based sixth-
order method with iterative operator based interpolation. With respect to accuracy,
the proposed method is able to obtain sixth-order solutions with smaller errors. As
expected, the computational efficiency of the proposed method is higher by eliminat-

ing the iterative refinement procedure on the finest grid.

Copyright (© Ruxin Dai 2014
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5 Analysis and Comparison of Richardson Extrapolation-based
Sixth-Order Methods

5.1 Introduction

Until now, we have learned that Richardson extrapolation can improve the solution
accuracy of PDEs by using approximate solutions from two different scale grids. To
explicitly obtain a sixth-order solution using Richardson extrapolation, we need to
have two computed fourth-order solutions on the coarse and fine grids, respectively.
For this purpose, fourth-order compact schemes and multigrid methods are typically
used. Then, the Richardson extrapolation technique can be applied to compute a
sixth-order solution on the coarse grid. Other techniques are needed to obtain a
sixth-order solution on the fine grid. In this dissertation, we have discussed three
techniques for computing fine grid sixth-order solutions (operator based interpola-
tion, multiple coarse grid (MCG) updating strategy, and completed Richardson ex-
trapolation), which lead to three kinds of Richardson extrapolation-based sixth-order
methods. In this chapter, we will analyze the truncation error terms of these three
methods for solving a 2D Poisson equation, and thus compare their accuracy theo-

retically. Numerical experiments of several test problems are also conducted.

5.2 Truncation Error Analysis

Consider the 2D Poisson equation of the form

Uge (T, Y) + uyy(x>y) = f(z,y), (z,y) € Q, (5.1)

where {2 is a rectangular domain, with suitable boundary conditions defined on 0f).
The solution u(z,y) and the forcing function f(z,y) are assumed to be sufficiently
smooth and have required continuous partial derivatives.

All the Richardson extrapolation-based sixth-order methods use the FOC scheme

(2.8) to compute fourth-order solutions of Eq. (5.1) on two level discretized grids.
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For illustration, we first derive the truncation error of the FOC scheme with unequal
mesh-size discretization for solving Eq. (5.1).
Denote Az and Ay to be the mesh-sizes in the x and y coordinate directions,

respectively. The standard second-order central difference operators are

52, U1y — 2U 5+ Ui S — Wil T 204 5 + Ui j—1
7’] A.TQ ) Yy ZJ Ay2 :

By using Taylor series, we have

Ax? Azt Az
62§ = Ugy + Tha + 360 U° + 50160 4" + O(Az®), (5.2)
and
Ay? Ay! y°
5;@%7]‘ = Uy, + B Uys + 360 Uy + 20160uy + O(Ay ). (5.3)

From Egs. (5.2) and (5.3) we can discretize Eq. (5.1) at the grid point w; ; as

1
6§ui7j + 5§ui,j = fij + —(Ax2u$4 + AyQuy4)

1
+ %(A:E Ugs + Aytuys) + M(Amﬁuxs + Ayluys) + O(A®). (5.4)

By taking two times partial derivatives of z and y on both sides of Eq. (5.1), respec-
tively, we have

Uzt = fa:x — Uyyzx, (55)

and
Uyt = oz — Ugayy. (5.6)

Using central difference operators and Taylor series in Eqgs. (5.5) and (5.6) gives

1
(ugt)ij = 02 fij — A ——5 (02t 41 — 2020 j + O j_1)
Ax? Ax? 1 Ax? Ayt Ax?
e Ay _ BT Ay
12 fx4 360 fm6 A:l/ ( 12 ( Y Ugay2 + 12 um4y4) 360 Y Ugby2 )
Ay? Ayt
+ 1g Ug2yya + 3(?0 U246 + O(AG), (5.7)
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and

1
(tga)ij = 02 fij — (5 Uir1; — 205U 5 + Ot 17)
Ay? Ay 1 Ay? 9 Ax? Ayt
- s 6 — —— | ——— A 2,4 E— 4 A 2
T I~ gt mp (g (At ey gtianye) — S ATt ugey)
Ax? Ax?t 6
+ ?uaﬂyz + 360 'U/a;6 2 + O(A ) (58)

By continuously taking partial derivatives of x on both sides of Eq. (5.5), we have

fea=uze + Ugty2, (59)

foo=1u,s + Ugy6y2 . (5.10)

Similarly, by continuously taking partial derivatives of y on both sides of Eq. (5.6),

we have

fy4:'uy6 + U244, (511)

fyazuys + Ugp2y6. (5.12)
Substituting Egs. (5.9) and (5.10) in Eq. (5.7) gives

(uga )iy = 02 fij — 5 (0o o1 — 200w + Ot 1)

Ay?
Ax? Ay? Ax?Ay? Ax? Ayt
_ Tuxﬁ T 19 o U2yt + Tuw4y4 — 360 Uy — 360 Ug2y6 + O(Aﬁ)
(5.13)
And, substituting Egs. (5.11) and (5.12) in Eq. (5.8) gives
1
(uya)ij = 0o fij — (5 Uit1; — 205U 5 + 051 7)
Ay? Ax2 Ax?Ay? Ay? Ax?
T T gy et g et T gt~ ggg tew O,
(5.14)

Then, using Eqgs. (5.13) and (5.14) to replace the u,+ and w4 terms in Eq. (5.4) gives

1
Ozt + Oyui; = fig + E(Ax25§fi,j +Ay*oy fij)
Ay?
A 2
+ 82w 15)) + (Ta)ij + (76)is + O(A®), (5.15)

— 262 S+ 52u” 1)+ — (52u2+1j 255ui7j
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where

Ups AT + uys Ay,

1 1
(T4)i; = il —— (Ugay2 + Up2ys )AxQA?f 240(

—— (A2 Ay + Ar? Ay uga,e + —(szAy Upzys + AT AYPU,0,2)

(7)ij = 1320

1728
11

~ 50480 ——— (Az%u,s + AyPuys).

Let us use the second-order central difference operators in Eq. (5.15) and multiply
6Ax? on both sides, and denote the mesh aspect ratio A\ = %7 we obtain a general

FOC scheme like the one presented in [93] as

M (W11 + Wi o1 + Wic1jen + Uiy 1) + ma(Wijin + wijo1)

+ Mg,y + tio1) — Matty

Ax?
= T(8fi,j + fiv1j + fic1j + fijer + fij-1), (5.16)

where the coefficients are
=(1+X)/2, ma=5X—1, mg=5-—X my=10(1+ \?).
The fourth-order truncation error of the FOC scheme (5.16) is

! uxe+ “LyyAct, (5.17)

_(um4y2 + um2y4) — 40(

And, the sixth-order truncation error of the FOC scheme (5.16) is

. 1 1 1 1 Ug2y6 Ug6y2
o= Aggg e e g e )
11 uys
_ LN 1
Tooso(Ue® T )14 (5.18)

Consider a special case with Ax = Ay = h, the FOC scheme has the form as

Uit 141+ i1 -1 + Uiy g1+ Uimrjor + (Ui + iy + tivrj + wio1y) — 20u;
h2

(8fij + firrg + fimrg + figer + fij-1)- (5.19)

85

www.manharaa.com



The fourth-order and sixth-order truncation errors of the FOC scheme (5.19) are

1
TFOC4 = {ﬁ(u‘rélyQ + ux2y4) — E(uxa + uya)}h4, (5.20)
1 1 11 ]
TFrOCe — {mum4y4 + ﬁo(uaﬂy(} —|— uxayz) — 10080 (ul.S + Uy8>}h . (521)

Now we can take a look at the truncation error after applying Richardson extrap-
olation. From the definition of the fourth-order solutions on the fine and coarse grids,

we have

u’g:ui + Troc4 + TFOCS, (522)

uy, =y, + 167rocs + 647r006. (5.23)

Using the Richardson extrapolation formula (4.13) gives

, 16
sy, = Usp, — 5 TFOCG: (5.24)

Thus, the sixth-order truncation error after applying Richardson extrapolation has

the form as

16
TEztrapo — — = TFOC6- (525)

5
For all Richardson extrapolation-based sixth-order compact approximations, Richard-
son extrapolation is always used to obtain the sixth-order solution on the standard
coarse grid and the extrapolated solution is directly interpolated to the correspond-
ing (even, even) fine grid points. Therefore, the truncation error of (even,even) fine
grid points is Tgatrapo- For (odd,odd), (even,odd) and (odd,even) fine grid points,
three computational strategies (iterative operator based interpolation, MCG updaitng
strategy, and completed Richardson extrapolation) are used to obtain sixth-order so-

lutions. In the following part, truncation error analysis for these three strategies are

given.
5.2.1 Truncation error of iterative operator based interpolation

In order to obtain sixth-order solutions for the remaining fine grid points, Wang and

Zhang. [79:.80] propesed an operator based interpolation scheme to iteratively update
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the fine grid point solutions in a specific sequence until some convergence condition
is satisfied. The operator based interpolation for the 2D Poisson equation (5.1) can

be obtained from Eq. (5.19) as

al

1 h h h h h h h h
i = _%[Fi,j_4(ui+1,j+ui71,j+ui,j+1+ui,jfl)_(ui+1,j+1+U’i+1,j71+U’ifl,j+1+uifl,j71)]7
(5.26)
where Fi; = 8f;; + fiv1; + firj + fij+1 + fij—1.

The leading truncation error of Eq. (5.26) comes from 7rpoc4 and has the form as

h? 1 1 1
Top = TFOC42_O = %{ﬂ(ux‘lgﬂ + u:c2y4) - E(ux6 + uye)}hﬁ' (527)

The operator based interpolation Eq. (5.26) can be written as

*

Ui j = Uij + Top
1
= —gglFig = 4uivry + timrg + Ui + i)
— (Wis1j41 + U1 -1 + Uim1 1+ Uim1 )] + Top. (5.28)

In order to find the truncation error of other three groups of fine grid points after the
iterative refinement procedure with the operator based interpolation scheme (5.26),
we assume the truncation error of (odd,odd), (odd,even) and (even,odd) fine grid
points as .y, By and 7,p, respectively. A system on the errors of different groups of
fine grid points is generated through Eq. (5.28) as

200t0p — 4(Yop + Yop + Bop + Bop) — ATEatrapo = 207op, i=odd, j=odd

2Oﬁop - 4(7_Extrapo + TEztrapo + Qop + aop) - 4’)/01) = 207—0127 i=odd, j=even (529)

207,p — 4(op + Qop + TExtrapo + TExtrapo) — 40op = 207,p.  i=even, j=odd
From Eq. (5.29), we get

Qop = TExtrapo + 1_3?7—0107 i:Odd, ,]ZOdd
Bop = TExtrapo + %Top, i=odd, j=even (5.30)

— 35 i S
Yop = TExtrapo + 12 Top- 1=€Vel, J_Odd
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5.2.2 Truncation error of MCG updating strategy

In the MCG updating strategy for solving the 2D Poisson equation [16], the X-odd
and Y-odd grid views are constructed to compute sixth-order solutions for (odd, even)
and (even,odd) fine grid points, respectively. The X-odd grid view, composed by
(even, even) and (odd, even) fine grid points, is a view of unequal mesh-size grid with
mesh-sizes h and 2hA in the x and y coordinate directions, respectively. The Y-odd
grid view, composed by (even,even) and (even,odd) fine grid points, is a view of
unequal mesh-size grid with mesh-sizes 2h and h in the x and y coordinate directions,
respectively. The sixth-order computations on the X-odd grid view and the Y-odd
grid view by solving tridiagonal systems lead to sixth-order truncation errors 7,_,qq
and 7,_oq4q, respectively. By using the general fourth-order truncation error expressed
by Eq. (5.17) and setting corresponding mesh aspect ratio A, we have an explicit

form of 7,_pqq and T,_o4q as

To—odd = {4 X 2—14(%4?;2 + ux2y4) — 4—10(ux6 + 16 X uye)}hG, Ai—odd = %
Ty—odd = 1_16 X {4 X i(u‘ﬁyz + u12y4) - %(16 X Ugy6 + UyG)}(2h>6. Ay—odd =2
(5.31)

For the computation of (odd, even) fine grid points on the X-odd grid view, the

mesh aspect ratio A\y_oqq = % and the coefficients in Eq. (5.16) are set as

Denote the truncation error of (odd, even) fine grid points as ... An equation on
the error of X-odd grid view points, not the solution, is generated by Eq. (5.16) with

above coeflicients as

) 1 50
g X 47—Ea:t7"apo+ Z X (amcg+amcg) +Z X (TExtrapo +7_E:ctrapo) - ZO&mcg = —Tg—odd- (532)
From Eq. (5.32), we get
Tz—o
Ameg = TExtrapo + dd- (533)

12
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For the computation of (even,odd) fine grid points on the Y-odd grid view, the

mesh aspect ratio A,_o4q = 2 and the coefficients in Eq. (5.16) are set as
my =3, my=19, my=1, my=050.

Denote the truncation error of (even, odd) fine grid points as f,,.,. An equation on
the error of Y-odd grid view points, not the solution, by using the Eq. (5.16) with

above coefficients is generated as

5}
5 X 47—Extrapo +19 x (TEactrapo +7-Extrapo) +1x (ﬁmcg +ﬁmcg) - 5oﬁmcg = —Ty—odd- (534)

From Eq. (5.34), we get

Ty—o
5mcg = TExtrapo + y48dd . (535)

The update of (odd, odd) fine grid points uses the operator based interpolation
Eq.(5.26) and (even,even), (odd,even) and (even,odd) fine grid points with sixth-
order solutions. Denote the truncation error of (odd, odd) fine grid points as Ve, An

equation on the error of fine grid points is generated by Eq. (5.28) as
AT Eatrapo + 4 X (Umeg + Qmeg) +4 X (Bmeg + Bmeg) — 20Vmeg = —207,p. (5.36)

From Eq. (5.36), we get

Tx—odd Ty—odd
meg — rtrapo op+ 5.37
Ymeg = TBatrapo & 307+ Tpg” F e (5:37)

5.2.3 Truncation error of completed Richardson extrapolation

Completed Richardson extrapolation uses the correction between the fourth-order
solution and the extrapolated sixth-order solution to obtain a sixth-order solution
on the entire fine grid [15]. In the sixth-order method with completed Richardson
extrapolation for 2D problems, two kinds of second-order interpolations are used to
approximate the fourth-order error terms. The rotated grid interpolation Eq. (4.21)

is_used for the (odd,odd) fine grid points and the standard grid interpolation Eq.
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(4.31) is used for the (odd,even) and (even,odd) fine grid points. The coefficients
As in Egs. (4.21) and (4.31) can be viewed as a function of v which has the form of

A(u) = Trocs/h*. Based on the Taylor series, the O(h?) term in Eq.(4.21) has an

explicit form as 202 (£lroca/i)  Prroca/hl)y oy the O(h2) term in Eq.(4.31) has

4 Oz2 Oy?
4 2
an explicit form as - n2 (e oca/h) | For gym/ i),

Therefore, the second-order truncation error of rotated grid interpolation Eq. (4.21)
is

1 1 1
TRotateInter — {ﬁua:‘ly 120 (uwﬁ 2 + Ug2/6 ) 80 (U’xs + Uys )}h2

The second-order truncation error of standard grid interpolation Eq. (4.31) is

1 1 1
TStandInter = {4—8Um4y 540 —— (Ugby2 + Ug2ys) — 160 —(Ugs + wys )}h2 (5.38)

And7 we find that TRotateInter — 27—Standlnter'

First, consider (odd, odd) fine grid points. Eq. (4.21) can be re-written as

1
Ai,j - -

4(Ai+1,j+1 + Aig1jo1 +Ais1 1+ Aic1j1) + TRotatelnter, @ = odd, j = odd

(5.39)
From Section 4.2, we know that the sixth-order computation for (odd, odd) fine grid
points is only related to (even, even) fine grid points. For the (even, even) fine grid

points, the definition of fourth-order solution gives

1 4

*

Aeven,even = H[U’even,even = Uepen,even — TFOCG]' (540)
After injecting the extrapolated coarse grid solution into the fine grid, we have
* 6
U’e'ven,even = ueven,e'uen + TExtrapo- (541)

Substituting Eq. (5.41) into Eq. (5.40) gives

A _ 1 6 4
even,even ﬁ[ueven,even - ueven,even — TroC6 + TEwtrapo]
1
= ﬁ[ceven,even — Troce + TEa:trapo]- (542)
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By using Egs. (4.30), (5.39) and (5.42), we have the truncation error of (odd, odd)

fine grid points as

* 6
TCompExl = WU; ;3 — Uy ;

1
= (Uij + Ai,jh4 + Troce) — (uij + Z(Cz’—i-l,j-i-l + Cit1j-1 F Cim1 41+ Cim1-1))

1
= (U?’j + Ai,jh4 + Troce) — (U?,j + Z(Ai-i—l,j-i—l + Aip1 1+ A
+ Ai—l,j—l)h4 + Troce — TEztrapo)

= 7—Rotatelnterh4 + TExtrapo- 1= Odd,j = odd (543)

Next, consider (odd, even) and (even,odd) fine grid points. Eq. (4.31) can be

re-written as

1 . .
A (Aiprj + Airj + Aijor + Aij1) + TStandinter- @ = 0dd, j = even

i =
i =even,j =odd (5.44)

The sixth-order computation for (odd, even) and (even, odd) fine grid points are re-
lated to both (even, even) and (odd, odd) fine grid points.

For the updated (odd, odd) fine grid points with sixth-order solutions, we have

* 6 __ .6 4
uodd,odd = uodd,odd + TCompEzl - uodd,odd + TRotateInterh + TEmtrapo' (545)

By using the definition of fourth-order solution for (odd, odd) fine grid points, we have

1
Avdd,odd = ﬁ[u:dd,odd - uidd,odd — TroCs)- (5.46)

Substituting Eq. (5.45) into Eq. (5.46) gives

1

6 4 4
Aodd,odd = _[uodd odd — Uodd.odd — TFOC6 + TRotateInterh + TEwtrapo]
h4 k) bl
1 4
- ﬁ[codd,odd — Troce + TRotateInterh + TExtrapo]- (54—7)

By using Eqs. (4.32), (5.42), (5.44) and (5.47), we obtain the truncation error of
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(even, odd) and (odd, even) fine grid points as

ok 6
TCompEz2 = ui7j - ui,j

1
= (uij + Aivjhzl + TFOCﬁ) — (ui] + Z(Ci+1’j + Ci—1,j + Cij+1 + Civjfl))

1
= (ui; + Aigh* + troces) — (ui; + 7 iy + A + A

4 4
+ Ai,j*1>hf + Troce — QTRotateInterh - TEmtrapo)

4 4
= TStandInterh' + §TR0tatelnte7’h’ + TExztrapo

4 . .
= 7_Rotatelmferh/ + TExtrapo- = Odd?] = even

i = even, j = odd (5.48)

We find that the truncation errors at (odd, odd), (odd, even) and (even,odd) fine
grid points share the same form as Trotarernterh* + TEztrapo, Which is larger than
the truncation error of (even,even) fine grid points Tgytrapo directly generated from

Richardson extrapolation as we expect. It is because extra interpolations are involved,

i.e., Egs. (5.43) and (5.48).

In summary, all the three Richardson extrapolation-based methods are able to
compute sixth-order accurate solutions for all fine grid points. The differences on
accuracy among these methods are truncation errors at (odd, even), (even, odd) and
(odd, odd) fine grid points. For (even,even) fine grid points, Richardson extrapola-
tion is used to compute the sixth-order solution with truncation error Tgytrepo. For
other three groups of fine grid points, different computational strategies are applied
to obtain sixth-order solutions, which add differernt magnitude error expressions to
the truncation error Tgairqpo. Table 5.1 lists the truncation errors of different groups
of fine grid points by groups after using three Richardson extrapolation-based meth-
ods for sixth-order solution computation, respectively. Since the error expressions

involve various high-order partial derivatives on u, it is hard to conclude a quantita-
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tive relationship. By comparing the coefficients of common items, we could estimate
a possible qualitative relationship. The completed Richardson extrapolation method
may have smaller truncation errors than the iterative operator based interpolation
method, which may have smaller truncation errors than the MCG updating strategy.

Table 5.1: Truncation errors of three Richardson extrapolation-based sixth-order
methods for solving the 2D Poisson equation.

Richardson extrapolation with iterative operator based interpolation
(even, even) points | Tgrtrapo
(odd, even) points | Trutrapo + 15195 (Usty2 + Uszys) — 75 (ugo + wyo)] FAS
(
(

even, odd) points | Tegtrapo + %[Z—Z(Uwélzﬂ + Uy2y4) — ﬁ)(uws + w0 )] } RO
odd, odd) points TExtrapo + %[ﬂ(uxz;yg + Uy2yn) — 4_10(Ux6 + w,5)] }hC

Richardson extrapolation with MCG updating strategy

=

(even, even) points | Tgrtrapo
(odd, even) points | Teutrapo + %{4 X i(uﬁyz + Up2ya) — %(uma + 16 X wy0) RO
(even, odd) points | Tgutrapo + %{4 X i(u$4y2 + Uy2yn) — %(16 X Uys + Uy ) PO
(odd, odd) points TExtrapo + {%[4 X i(uleyQ + Uy2ys) — %(uxs + 16 X wys)]
—|—3—10[4 X i(uﬂyz + ux2y4> - 4—10(16 X U6 + uya)]
+%[i(ux4y2 + ux2y4) - %(ux(a + Uy6)]}h6

Richardson extrapolation with completed Richardson extrapolation
(even, even) points | Tgutrapo
(odd, even) points | Teutrapo + {g7Uatys + Ta5 (Ussy2 + Uszys) — To5 (Ugs + Uys) PHS
(
(

even, odd) points | Tegtrapo + {iuxz;yz; + Elo(uxsyz + Uy2y0) — ﬁ(uxs + uys) bh®
odd, odd) points TEgtrapo + {ium‘ly‘l + ﬁlo(uaﬁy? + Uy2y6) — ﬁ(ums + wys) }hO

5.3 Numerical Results

We tested three Richardson extrapolation-based sixth-order methods and compared
the accuracy and efficiency among them. The codes were written in Fortran 77
programming language and run on one login node of Lipscomb HPC Cluster at the
University of Kentucky. The node has Dual Intel E5-2670 8 Core (totally 16 cores)
with 2.6GHz and 128GB RAM.

The MSMG computation introdued in Section 1.3 is perfectly constructed for
Richardson extrapolation-based methods. Therefore, we applied it to compute fourth-

order solutions on the fine and coarse grids in all three Richardson extrapolation-based
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sixth-order methods. The standard V(1,1)-cycle algorithm was chosen. The initial
guess for the V-cycle on §y;, was the zero vector. In general, the V-cycles on {25, and
Q) stop when the L?-norm of the difference of the successive solutions is less than
1071%. The iterative operator based interpolation terminates when the L?-norm of
the correction vector of the approximate solution is less than 107°. However, it may
change depends on the test case itself. In this section, for Problem 1, the stopping
criteria for V-cycles and the iterative operator based interpolation procedure were set
as 10713, As for Problems 2, 3, and 4, the stopping criteria for all iterative procedures
were selected as 10719, All of the errors reported were the maximum absolute errors

over the finest grid.
5.3.1 Test problems

We chose two 2D Poisson equations and two 3D convection-diffusion equations as
test problems. The 9-point FOC scheme (2.9) was used to compute fourth-order
solutions for the 2D test problems. The 19-point finite difference scheme (3.7) was
used to compute fourth-order solutions for the 3D test problems. In the MCG fine
grid updating computation for 3D problems, 2D sub-problems were solved by the
alternating X-Y line Gauss-Seidel method.

For convection-diffusion equations, we present numerical results on small Reynolds
number (Re). As we know, the success of Richardson extrapolation for improving
the order of accuracy of numerical approximations depends on the influence of dis-
persion and the theoretical order of accuracy achieved before the extrapolation [9].
High Reynolds number means larger influence of dispersion and causes the failure
of reaching fourth-order accuracy solutions from FOC schemes, which thereby af-
fects the accuracy of computed solutions from Richardson extrapolation. Therefore,
small Reynolds number can guarantee higher order solutions by using Richardson
extrapolation. The problems with large Reynolds numbers require different solution

strategies.
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Problem 1.

o
ox? 0y

where the boundary conditions are

= —asin(-y), (x,y) € Q=1[0,] x [0,b],

<3

uw(0,y) = u(A\,y) = u(z,0) = u(x,b) = 0.

The parameters are chosen as

F
a= FZ’ A=10"m, b =21 x 10, F = 0.3 x 10" "m?s "2, R = 0.6 x 10 3ms"".

The analytical solution is

u= —a(%)2 sin(%)(ew_f —1).
Problem 2.
0? o
a—az + a—yl; = —2n%sin(nz) cos(my),  (x,9) € 2 =1[0,4] x [0,1],

which has the Dirichlet boundary condition.

The analytical solution is
u(z,y) = sin(wx) cos(my).
Problem 3.

Uy + Uyy + Use + (2, Y, 2)uy + q(2,y, 2)uy +1(2,y, 2)u, = f(2,9, 2),

(x,y,2) € Q=10,1] x [0,1] x [0,1], (5.49)
where the coefficients of Eq. (5.49) are set as
p(,y,2) = q(z,y,2) = r(z,y,2) = Re.
The analytical solution is
u(z,y, z) = cos(4x + 6y + 8z2).
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Problem 4.

Uy + Uyy + Uz + (T, Y, 2)us + (2, y, 2)uy + (2, y, 2)u, = f(2,9, 2),

(x,y,2) € 2=10,1] x [0,1] x [0,1], (5.50)

where the coefficients of Eq. (5.50) are set as

p(z,y,z) = Resinysin z cosx
q(z,y,2z) = Resinzsin zcosy .
r(z,y,z) = Resinxsiny cos z

The analytical solution is

u(z,y, z) = cos(4x + 6y + 82).
5.3.2 Accuracy and efficiency

In order to test the computed accuracy of three Richardson extrapolation-based sixth-
order methods, we refined the grid from N = 32 to NV = 256 for 2D Poisson equations
(Problems 1 & 2) and from N = 16 to N = 128 for 3D convection-diffusion equations
(Problems 3 & 4). For convenience, we use the following abbreviations: “Op-Six”
reperents the Richardson extrapolation-based sixth-order method with iterative op-
erator based interpolation; “MCG-Six” means the Richardson extrapolation-based
sixth-order method with MCG updating strategy; “CR-Six” denotes the sixth-order
method with completed Richardson extrapolation.

In Table 5.2, we find that all three Richardson extrapolation-based methods can
achieve sixth-order in accuracy. The error comparison among these sixth-order meth-
ods shows that, in most situations (Problems 1, 3 and 4), the solutions computed by
the CR-Six method are slightly more accurate than those computed by the Op-Six
method, which are slightly more accurate than those from the MCG-Six method.
This observation is consistent with the theoretical analysis in Section 5.2. We need
to note that the qualitative relationship observed from Table 5.1 cannot be precisely

appliedstosallof theproblems. As for Problem 2, the MCG-Six method obtained
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Table 5.2: Accuracy comparison among three Richardson extrapolation-based sixth-
order methods

Test Problem | N Op-Six MCG-Six CR-Six
Error Order | Error Order | Error Order
Problem 1 32 | 2.824e-8 - 6.237e-8 - 1.861e-8 -

64 | 4.421e-10  6.00 | 9.867e-10  5.98 | 3.885e-10  6.01
128 | 6.891e-12  6.00 | 1.551e-11 599 | 4.478e-12 6.01
256 | 1.014e-13  6.09 | 2.406e-13  6.01 | 6.351le-14 6.14
Problem 2 32 | 2.498e-6 - 2.278e-6 - 8.927e-7 -

64 | 4.582¢-8 5.77 | 3.624e-8 5.97 | 1.362e-8 6.03
128 | 7.662e-10  5.90 | 5.710e-10  5.99 | 2.105e-10  6.02
256 | 1.234e-11  5.96 | 8.961e-12 599 | 3.270e-12 6.01
Problem 3 16 | 3.547e-4 - 9.980e-4 - 1.595e-4 -

(Re=10) 32 | 9.234e-6 5.26 | 2.023e-5 5.62 | 2.517e-6 5.99
64 | 1.764e-7 5.71 | 3.403e-7 5.89 | 3.842¢-8 6.03
128 | 3.062¢-9 5.85 | 5.463e-9 5.96 | 9.324e-10  5.36
Problem 4 16 | 6.126e-5 - 2.056e-4 - 2.322e-5 -

(Re=10) 32 | 1.396e-6 5.46 | 3.694e-6 5.80 | 3.569e-7 6.02
64 | 2.557e-8 5.77 | 6.035e-8 5.94 | 5.474e-9 6.03
128 | 4.575e-10  5.80 | 9.816e-10 5.94 | 1.160e-10  5.56

more accurate solutions than the Op-Six method, although the CR-Six method still
performed the best in solution accuracy among the three methods. The explanation
for this lies in the uncertainty of high order partial differential terms involved in the
truncation errors. It is hard to determine the magnitude and sign of these high order
partial differential terms. Therefore, we cannot draw a certain qualitative relationship
on accuracy among the three Richardson extrapolation-based sixth-order methods.
We also recorded the computing time for solving four test problems by three
different sixth-order methods. In Table 5.3, we find that the MCG-Six method and the
CR-Six method have better computational efficiency than the Op-Six method as we
expected. It is because the Op-Six method involves the iterative refinement procedure
which requires additional CPU time. There is no evident difference between the MCG-
Six method and the CR-Six method on CPU cost in most situations (Problems 1,
2 and 3). Both are very efficient. However, for Problem 4, the CR-Six method ran

much faster than the MCG-Six method. One possible reason is that the process of
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Table 5.3: CPU time in seconds for three Richardson extrapolation-based sixth-order
methods

N Problem 1 Problem 2

Op-Six MCG-Six CR-Six | Op-Six MCG-Six CR-Six
32 0.006 0.005 0.005 0.007 0.004 0.004
64 0.025 0.020 0.021 0.031 0.021 0.022
128 | 0.101 0.091 0.092 0.124 0.090 0.090
256 | 0.433 0.395 0.394 | 0.491 0.403 0.393

Problem 3 (Re=10) Problem 4 (Re=10)

Op-Six MCG-Six CR-Six | Op-Six MCG-Six CR-Six
16 0.021 0.017 0.013 0.017 0.021 0.011
32 0.159 0.130 0.108 0.149 0.162 0.099
64 0.907 0.618 0.732 1.318 0.928 0.408
128 | 5.576 3.649 3.872 5.139 4.378 2.850

solving 2D sub-problems in the MCG-Six method took a lot of CPU time for this test

problem.

5.4 Concluding Remarks

We studied three Richardson extrapolation-based sixth-order methods and analyzed
the truncation errors of them respectively. All of the three methods are able to
achieve the sixth-order accuracy on the fine grid. From the truncation error analy-
sis, we summarized a general qualitative relationship on the accuracy among these
methods. Four simple 2D and 3D problems are tested to compare the solution accu-
racy and computational efficiency among the three Richardson extrapolation-based
sixth-order methods experimentally. The numerical results are basically consistent
with the observation from the truncation error analysis.

From the theoretical and numerical comparison, we find that the Op-Six method
can achieve relatively more accurate sixth-order solutions but ask for more compu-
tational cost. The MCG-Sixth order method computes sixth-order solutions with
larger errors, but has high computational efficiency. The CR-Sixth method performs

well both on accuracy and efficiency for “simple” problems with “good” conditions.
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Here, the “simple” and “good” mean that the problems are not hard to solve (e.g.,
diffusion-dominated with small Reynolds number) and have very smooth solutions,

forcing functions and coefficients in the domain.

Copyright (© Ruxin Dai 2014
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6 Higher-Order ADI method with Completed Richardson Extrapolation
for Unsteady-State Equations

6.1 Introduction

We consider the unsteady two dimensional (2D) convection-diffusion equation for a

transport variable u

ou 0%u 0%u ou ou
E_a(‘??_x_bé’Ty —|—p—$+q——0, (:c,y,t)GQx(O,T], (61)

with initial condition
u(@,y,0) =uo(z,y),  (z,y) €L,
and Dirichlet boundary condition
u(z,y,t) = g(x,y,t), (x,y,t) € 00 x (0,T],

where 2 is a rectangular domain with the boundary 92, (0,7 is the time interval,
and g and wug are given functions of sufficient smoothness. In Eq. (6.1), p and ¢ are
constant, convective velocities and a and b are constant, positive diffusion coefficients
in the x and y directions, respectively. In computational fluid dynamics, Eq. (6.1)
is widely used to model the convection and diffusion of various physical quantities,
such as mass, heat, energy, and vorticity [59].

The alternating direction implicit (ADI) methods, which aim to reduce multi-
dimensional problems to a series of one dimensional (1D) problems and thus are only
required to solve tridiagonal systems, are highly efficient for solving parabolic and
hyperbolic initial-boundary value problems. The ADI scheme proposed by Peaceman
and Rachford [55] is considered to be among the most popular methods for solving
Eq. (6.1) because of its unconditional stability and high efficiency. However, the
Peaceman-Rachford ADI scheme is second-order accuracy in space and may produce

considerable dissipation and phase errors. To obtain more accurate solutions with

100

www.manaraa.com



higher-order, many efforts are put to use high-order compact (HOC) schemes for
spatial approximations of Eq. (6.1)[39, 54, 58, 68, 98]. Although these methods are
generally able to achieve third or fourth-order accuracy in space, they have heavy
computational cost because they do not apply ADI methods.

Due to the advantage of ADI methods in computational efficiency and the su-
periority of HOC schemes in solution accuracy, there has been growing interest in
combining ADI methods with HOC schemes to develop numerical solutions for solv-
ing Eq. (6.1). Karaa and Zhang [41] proposed a high-order ADI (HOC-ADI) method
for solving unsteady convection-diffusion equations, which reaches high-order accu-
racy and high computational efficiency simultaneously. You [83] proposed a Padé
scheme-based ADI method for 2D unsteady convection-diffusion equations, which
has better phase and amplitude properties. Tian and Ge [30, 74] proposed an ex-
ponential high-order compact alternating direction implicit (EHOC-ADI) method for
solving 2D and 3D unsteady convection-diffusion equations, which performs better for
solving convection-dominated equations with large Reynolds numbers. Later, Tian
[75] derived a rational HOC scheme with ADI (RHOC-ADI) method for unsteady
convection-diffusion equations and demonstrated its good performance in solution
accuracy and computational efficiency. All these mentioned methods have fourth-
order accuracy in space and second-order accuracy in time with high computational
efficiency.

Recently, further improvements on a series of ADI methods have been achieved.
One group of people use higher-order difference schemes with ADI methods to ob-
tain sixth-order accuracy in space [45, 52]. Another group of people make efforts to
improve the temporal accuracy and develop ADI methods with fourth-order accu-
racy in time [21, 31, 46, 76]. Among these methods, Richardson extrapolation [56]
is a compelling method, which uses the computed solutions from different discretized

computational domains to remove the leading truncation error terms and improve the
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order of accuracy of numerical solutions. The Richardson extrapolation computation
for high accuracy solutions has been applied to steady-state equations [69, 79, 81]
and unsteady-state equations [9, 31, 46, 101].

In this work, we want to improve the solution accuracy in spatial and temporal
domains simultaneously by using completed Richardson extrapolation and keep high
computational efficiency by involving the Peaceman-Rachford ADI scheme. The com-
pleted Richardson extrapolation was proposed by Roache and Knupp [60] for the 1D
Poisson equation and then extended to 1D unsteady convection-diffusion equations
by Richards [57]. The main idea is to interpolate, not the higher-order solution, but
rather the correction between the lower-order solution and the higher-order solution
to reach the entire higher-order solution on the fine grid. We propose a higher-order
ADI (ADI-CRE) method which uses the HOC-ADI method to solve Eq. (6.1) and
applies completed Richardson extrapolation to improve the solution accuracy. Fur-
thermore, we perform a stability analysis on the ADI-CRE method and discuss the
impacts of Richardson extrapolation on the stability of numerical solutions. At last,

numerical results are provided to show the effectiveness of the proposed method.

6.2 ADI Method with Completed Richardson Extrapolation

6.2.1 High-order ADI method

In this section, we review the high-order ADI (HOC-ADI) method proposed by Karaa
and Zhang for solving 2D unsteady convection-diffusion equations [41]. In order to
solve Eq. (6.1), a uniform grid is constructed in the computational domain with
mesh-sizes Az and Ay in the x and y directions, respectively. The time step size in
the t direction is denoted as At.

For convenience, we define two finite difference operators about x

Ax? P p2Ax?
L,=1+—"(s2-F% A, = —(a+==—)5 : 2
x + 15 (0; aéx), e (a+ o )0z + poy (6.2)
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Similarly, two finite difference operators about y are defined as

2 2 2

Ay q q“Ay
%:1+T§@_5m’ %:—w+]%)ﬁ+wy (6.3)

By using the techniques for developing high-order compact schemes [65], Eq. (6.1)
can be approximated by

ou

LmLyE -

—(L,A, + L A)u"™ + O(A?Y), (6.4)

where u™ is the approximate solution at time ¢" = nAt (n > 0) and O(A*) denotes
the O(Az*) + O(Ay*) term.

Employing Crank-Nicolson time discretization, we have

un—i—l —un

1
Loly——— = =5 (LyAe + Lo Ay) (@ +u") + O(AT) + O(AP). (6.5)

After rearrangement and multiplying Eq. (6.5) by At, we have

At At
(LmLer7(LyAmJrLsz))u’”1 = (L,L,— 7(LyAzJrLgﬂAy))u”+O(Am4)+O(At3).

(6.6)
By adding terms AT'SQAyAgcu"Jrl and ATtaélwﬁlxu" to the left and right hand sides of
Eq. (6.6) respectively and applying factorization, Eq. (6.6) is changed to a perturbed

equation as

%Ax)([/y + %Ay)um—1 = (L, —

At AL
TAx)(Ly o 7Ay)u ’ (67)

(L +

where the perturbed term added to Eq. (6.6) has a truncation error of (O(At*A?) +
O(At%)). Details are referred to [41].

If At < min(Ax,Ay), the extra term would not increase the order of truncation

error of Eq. (6.6). The approximation (6.7) has second-order accuracy in time and

fourth-order accuracy in space. By introducing an intermediate variable @, the high-

order ADI compact scheme is obtained as [41]

(L, + §tA)0 = (L, — 3L A,) (L, — §EA, )u™,

(Ly + LA ) u™t! = a. (6.8)
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6.2.2 Completed Richardson extrapolation in space and time

Completed Richardson extrapolation was first proposed by Roache and Knupp [60],
which provides a higher-order solution on the entire fine grid by using the correc-
tion between the lower-order solution and the higher-order solution. Later, Richards
[57] developed completed Richardson extrapolation for 1D time-dependent problems,
which was applied to the Lax-Wendroff and Crank-Nicholson finite difference schemes.
In this section, we will extend it to Karaa-Zhang’s HOC-ADI scheme for solving un-
steady 2D convection-diffusion equations.

For solving Eq. (6.1), a uniform fine grid with mesh-sizes Az and Ay in the z
and y directions is constructed on the rectangular spatial domain Q. N, and N,
denote the number of uniform intervals along the x and y directions, respectively. In
the ¢ direction, the fine time step size is At. The (7, j,n) point is set to correspond
to the point (iAx, jAy,nAt). In order to use Richardson extrapolation, a uniform
coarse grid with mesh-sizes 2Ax and 2Ay in the x and y directions on €2 is also
constructed, and the coarse time step size in the ¢ direction is 4At¢. The coarse grid
points then coincide in space and time with the (2i,27,4n) fine grid points. For the

grid point (7, j,n), the exact solution is denoted by u*(iAx, jAy, nAt). The numerical

n

;7. The numerical

approximation on the fine grid point (i,7,n) is denoted by wu
approximation on the coinciding coarse grid point is denoted by ucy;, where i and j
are both even and n is a multiple of 4. An example of a coarse and fine grids is given
in Fig. 6.1. Black points represent the coinciding coarse grid points. The solid line
grids denote the fine grid at coarse time steps, while dotted line grids denote the fine

grid at fine time steps.

Consider the HOC-ADI scheme with truncation error F, which has the following
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Figure 6.1: Example of a fine and coarse grid in space and time.

form as

E = 0[(Ax)", (Ay)", (At)?] (6.9)

= (Az)'r, + (Ay)'r, + (A1) + O[(A2)®, (Ay)S, (At)Y.

The terms 7,, 7, and 73 denote complex expressions involving v and its partial deriva-
tives, which will be canceled in the Richardson extrapolation computation.

The error produced by the HOC-ADI scheme (6.8) over a time step At has the
form of AtE. Assume the exact solution u* is known at the nth time step, then the

error of approximate solution u at the (i, j,n + 1) fine grid point is

u*(iAz, jAy, (n + 1)At) —u l"]“ = AtE

= At(Ax) 7, + At(Ay) T, + (A1) 1 4+ O[AL(AZ)®, At(Ay)®, (AL)®]. (6.10)

Because the error produced for a few subsequent time steps on the fine grid can
be assumed to have the same magnitude as the one produced from the nth to the
(n + 1)th time step, the subsequent error is approximated to O(At). And, the error

contributionsat.each time step can be assumed to be cumulative. Therefore, the error
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on the fine grid at the (n + 4)th time step has the form as

w(iAw, jAy, (n + 4)At) — ufl

= 4At(Az) ', + 4AHAy) T, + 4(At)*

1 O[(AD2(Az)Y, AH(AZ)S, (A2 (Ay)L, AH(AY)E, (AL)]. (6.11)

If ¢ and j are chosen as even, the grid point at the (n + 4)th time step can also
be involved in the coarse grid approximation. The error produced after one time step

on the coarse grid is

u*(iAx, Ay, (n + 4)At) — uc) T

,J

= 4At(2Ax) 7, + 4AL(2AY) T, + (4AL)%T; + O[At(Az)°, At(Ay)®, (At)°].  (6.12)

For all coarse grid points (i,7,n + 4), we could use a linear combination of the
approximations on the fine and coarse grids to remove all leading error terms and

obtain a new extrapolated approximation as

n+4 n+4
anra _ 10ufi; —ua;

W 15
= u*(iAx, jAy, (n + 4)At)

+ O[(At)?(Az)*, At(Ax)®, (At)*(Ay)*, At(Ay)®, (At)?]. (6.13)

Since the improved solution is on the coarse grid, only the coinciding fine grid
points can obtain better approximations by directly interpolating the extrapolated
coarse grid solution. In order to compute better approximations for the remaining
fine grid points at the coarse time step (the non-black points on the solid line grids in
Fig. 6.1), we use the correction between the previous solution and the extrapolated

solution.

Let

7, = 4AtH(Ax)', + 4ALHAy) ', + 4(At)* R (6.14)
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The fine grid error at a coarse time step given by Eq. (6.11) can be written as

u*(iAx, jAY, (n + 4)At) — ufl™

Z’J

=T7, + O[(At)?(Az)*, At(Ax)®, (At)?(Ay)*, At(Ay)®, (AL)?]. (6.15)

The coinciding coarse grid points obtain better extrapolated solutions by elimi-

nating I'}'; through Eq. (6.13). Substituting Eq. (6.13) into Eq. (6.15) gives
n _ ~nt4 n+4 2 4 6 2 4 6 5
Fi,j = uz;r —u z',j+ + O[(At)*(Az)", At(Az)”, (At)*(Ay)", At(Ay)®, (At)°], (6.16)

where ¢ and j are both even, which can be viewed as the correction between the
previous solution and the extrapolated solution on the coarse grid.

To compute better solutions at the fine grid points, we need to compute similar
corrections I'}'; for all fine grid points. The correction for (even, even) fine grid points
can be directly obtained from the correction of coarse grid points by using Eq. (6.16).
The corrections for other fine grid points can be approximated from the correction of
(even, even) fine grid points. By using the idea presented in Section 4.2, the rotated

grid interpolation is used to compute the correction for (odd, odd) fine grid points by

n 1 n n n n
L= Z[Fi-i-l,j—i-l + T T 0]

+ O[At(Ar)° Ay, AtAz(Ay)®, (At)* AzAy). (6.17)

Then, the standard grid interpolation is used to compute the correction for (odd, even)

and (even, odd) fine grid points by

n ]' n n n n
Fi,j = Z[qurl,j + Fifl,j + Fz‘,j+1 + Fi,jfl]

+ O[At(Az)° Ay, AtAz(Ay)®, (At)*AzAy). (6.18)

By combining Eqs. (6.16), (6.17) and (6.18), an improved solution on the entire fine

grid at coarse time step can be obtained by

ap it = ufi + T (6.19)

1]

107

www.manaraa.com



The error in the above approximation has the form as

u*(iAz, jAy, (n + 4)AL) —

= O[(At)*(Az)!, At(Ax)®, (At)*(Ay)", At(Ay)°, (At),

At(Az)’ Ay, AtAx(Ay)®, (At)*AzAy]. (6.20)

Thus, the improved fine grid solution, given by Eq. (6.19), at worst, has a truncation
error of O[At(Az)*, (Ax)®, At(Ay)t, (Ay)®, (At)L, (Az)° Ay, Ax(Ay)®, (At)3AxAy]. If
At < min(Az, Ay)?, the new approximation scheme (6.19) can achieve sixth-order

in space and fourth-order in time.

6.2.3 Higher-order ADI method with completed Richardson extrapola-
tion

In our ADI-CRE method, the HOC-ADI scheme is applied to compute both the
coarse and fine grid solutions with corresponding coarse and fine time steps. At
each coarse time step, the completed Richardson extrapolation is used to update the
solutions on both coarse and fine grids. The updated solutions are continually used
for computing on their respective grids with corresponding time steps. Therefore,
the improved solution is obtained at all coarse time steps. We could also carry out
the extrapolation procedure after any number of coarse time steps, even just once
after the final coarse time step. However, one could expect that the extrapolation
technique would be most effective at improving the accuracy of the numerical solution
when it is applied after each coarse time step.

Suppose a solution is required at ¢ = T" which can be calculated with N coarse
time steps. Algorithm 4 describes the proposed method in which the extrapolation

procedure is carried out after each coarse time step.
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Algorithm 4 Higher-Order ADI Method with Completed Richardson Extrapolation
for Solving 2D Unsteady Convection-Diffusion Equations
Construct and initialize the fine and coarse grids
for n,=1to N do
Compute the coarse grid solution with coarse time step using Eq. (6.8)
for ny =1to 4 do
Compute the fine grid solution with fine time step using Eq. (6.8)
end for
Calculate the extrapolated solution on the coarse grid using Eq. (6.13)
Calculate the extrapolated solution on the fine grid using Eq. (6.19) in the
order:

1. compute (even,even) fine grid nodes
2. compute (odd,odd) fine grid nodes
3. compute (even,odd) and (odd,even) fine grid nodes
Both coarse and fine grids have improved solutions
end for

6.3 Stability Analysis

To study the stability of the ADI-CRE method, we use the von Neumann linear
stability analysis. Assume that the numerical solution can be expressed by means of

a Fourier series, whose typical term is
ug; = 1" exp [10,i] exp [10, 7], (6.21)

where I = /=1, 9" is the amplitude at time step n, and 0,(= k,Az) and 0,(=
k,Ay) are phase angles with the wavenumbers k, and k, in the x and y directions,
respectively. Therefore, for a stable method, the amplification factor G(0,,6,) =
n™ 1 /n™ has to satisfy the stability condition |G(6,,6,)| < 1, for all (6,,6,) in [-7, 7).

We know that the improved fine grid solution is the sum of a fourth-order fine
grid solution and an estimated correction. The correction is computed by a linear
combination of the differences between the extrapolated higher-order coarse grid so-
lution and the computed lower-order coarse grid solution. If completed Richardson
extrapolation is only applied once after the final coarse time step, the stability de-
pends on the method used to compute lower-order solutions on the fine and coarse

gridse Theinvelved HOC-ADI method is unconditionally stable [41], so the solution
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is guaranteed to be stable. If completed Richardson extrapolation is used after each
coarse time step, we only need to consider the stability of the extrapolated coarse
grid solution. The process of computing improved fine grid solutions at coarse time
steps does not need to be considered because linear combination procedures do not

undermine the stability.

Assume

At, At,

Pc == (Lxc + TAZC) (Lyc + TAyc)a
At, At,

Qc = (ch - TAzc) (Lyc - TAyc)v
At At

Pr = (Loy + Tfof)(Lyf + TfAyf)a
At At

Qf = (Lo — TAzf)(Lyf - TAyf)a

where L., Age, Lye, and Ay, are the finite difference operators about x and y defined
by Egs. (6.2) and (6.3) for coarse grid, respectively, and similarly, L,¢, Ayr, Lyy,
and A,; are the finite difference operators with respect to z and y for fine grid,

respectively.

According to the HOC-ADI scheme (6.7), we have

n+1l n
PCU’C - QCU’c7

which lead to the approximations on the coarse and fine grids, respectively, in the

form as

un—i—l — %un

[ Pc c)
uptt = %u;. (6.22)

Algorithm 4 shows that the extrapolated computation is only conducted at the

coarse time step and At. = 4Aty is established. The extrapolated solution on the
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coarse grid at m + 1 coarse time step is

n+4 n+1

~n+1 __ -
T 15
16 Qf 4 1 Qc
_ 10 Qpvyn L& 2
15(Pf) YT e (6.23)

where 4 denotes the extrapolated solution.
Since u} and uy in Eq. (6.23) are both obtained from the extrapolated coarse grid

solution at the nth coarse time step, we have

~ 16 Q 1 Q ~
n+1 f\4 Cl~n

Assume a = b= 1in Eq. (6.1). By substituting the discrete Fourier mode (6.21)

into Eq. (6.24), the amplification factor G(6,,6,) can be written as

16 0, 0 1
where
o (@) _ ra(%) =220 (5)) — (apa(%) + vapa (%))
27 (%) +v25) (%) + (ape(%) = 352N
g (9 ) _ (’chx(gz) - '7201(‘933)) - (73cx(9x) + ’740%(01))1
(Vlcm(ez) + 72cz(ez)) + (7401(01) - '7301(91))1,
with
0. 6 0, 0
’Y1fm(§) = 71cm(§), ’72fm(3) = ’Y2cx(§)>
0, 1 0, 0, 1 0,
’Y3fm(§) 573@(5), ’74fx(5) = 574@(5);
1,0 1 2,0
View(lz) =1 — 3 sin 5 Yoex (02) = ZAt(p + E) sin (3),
pAx _ pAt
Y3ex (ex) H S exy ’74cx(9x) ZALL‘ S1n ea:a

being all non-negative. The other terms g.,(f,) and gfy(%y) are defined similarly
by replacing x by y and p by ¢ in the above expressions. From [41], we know that

19(02)] <1 and [gg,(%)| < 1. gy (6,) and gfy(%y) have similar inequalities.
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In order to find the condition for |G(6,,6,)| < 1, we need to solve the inequality

Since sin 6 has the same range as sin % with ¢ in [—7,7] and g;(f) shares the same

real parts as g.(0) for both z and y, the inequality (6.26) can be written as

16 1

|Eggx(9z)g§y(9y) - Bgcw(ew)gcy(ey” <1l (6.27)

Because g.,(0,) has the same form as g.,(f,) with both 6, and 6, in [—m, 7], it is
reasonable to assume that |g..(6,)| and |ge,(6,)] have the same upper bound M,

where |M| < 1. The inequality (6.27) holds if

16 . ¢ 1,
- _ < )
15M +15M <1, (6.28)
which is
M? <y g. (6.29)

We can choose a number which is close to but smaller than (‘/g as the upper bound

for M? to simplify analysis. Here, % is selected and the problem becomes

M2 < 2

<3 (6.30)

For simplicity, we assume A = Az = Ay and a general form ¢(0) for g..(0,) and

Gey(0y) as
(71— 72) — (y3 + )l
g(0) = ) 6.31
(6) (1 +72) + (a —3)I (6:51)
where
_ 1. ,60 1 A0 A At
Y1 = 1-— gSln é,’)/z = 2At(§ + E) S11 (5))73 = ESIDQ,’)&; = ﬂsm@,

with 6 in [—7, 7] and ¢ representing the constant convection coefficients p and ¢ in

Eq. (6.1).
We have
A—-2B 29
C- < |MPP< = .32
9OF = g < IMP< 2, (632
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where A =47 + 93 + 93 + 7 and B = 7172 — 7374

From (6.32), we get the inequality
A< 118B (6.33)

First consider the lower bound of B. A simple calculation shows that

1. .,0..1 & .0

T2 = 2A¢(1 — gsin 5)(P + E) sin” o,
At 6 0 At 1 6 0
22 a2 Dein2l < 2281 - tan2 a2 2
1Y =C (1 —sin 2)sm 5<% (1 5 5in 2)sm 5
Hence, we have
2At 1. .60, .,0 3At
B =7 — 9371 > F(l — g sin 5) sin o = o (6.34)
Substituting (6.34) into (6.33) gives
At
A< 177F' (6.35)

Then consider the upper bound of A as

At Atc? cA At ﬁ

A=y +v+7 +71 <1+4(— 4 (=) : 6.36
Mt+r s+ (A2+ 12)+(12)+ 4 A2 ( )
If set A = 2% and p = cA, from (6.36) we have
A2 A2 AT N2ANA?
A<1+4 2
<1+4N+ o )"+ 1 + 1
N Al AN (eA)2 NAEA?
=1+ 4(N\? 2
AN T P ) e
4 2 2 2
ptoopr R u
=4+ —+—=—+— 1+—). .
Wttt T (6.37)
Substituting (6.37) into (6.35) gives
5 “4 “2
44—+ )N =177+ (1+ —) <0. .
(+l2u +144) 7 +(+144)_0 (6.38)

Therefore, the solution of (6.38) can guarantee the stability condition of the ADI-

=.0, the solution of (6.38) is easy to calculate and 0.00565 < A <
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44.24435, which is 0.00565 < % < 44.24435. We notice that the stability range for
pure diffusion equations with p = ¢ = 0 is wide. If ¢ # 0, there exists a solution of

(6.38) when the following inequality is satisfied

1772 — 4(4 + ilﬁ + “—4)(1 + “—4) >0, (6.39)
12 144 144 =
which leads to
u? < C, (6.40)

where C' is a constant.

Since p? = A?c?, in order to satisfy (6.40), a large ¢ needs a finer mesh in spa-
tial space. The closer the pu? approaches to the upper bound C, the narrower the
solution range of A becomes and a smaller time step size is required. Therefore, for
convection-dominated equations with large convection coefficients p and ¢, it is diffi-
cult for the ADI-CRE method to obtain accurate solutions because of strict stability
conditions. One possible reason is that the HOC-ADI method works not very well for
convection-dominated equations [74]. If other ADI methods with better performance
for convection-dominated equations, such as EHOC-ADI method, are involved in the
ADI-CRE method, there might be able to have a better range of stability.

In summary, Richardson extrapolation affects the stability feature of the ADI
method with which it combines. Even for the solution from an unconditionally stable
ADI method, when the Richardson extrapolation procedure is applied at every coarse
time step, the solution may become conditionally stable. Additionally, the range of

stability is also influenced by the ADI method used for computation.

6.4 Numerical Results

In this section, we performed numerical experiments to show the accuracy and effi-
ciency of the proposed ADI-CRE method and compared it with Karaa-Zhang’s ADI
scheme (HOC-ADI) [41]. Both ADI methods need to repeatedly solve a series of tridi-

agonal.systems..Ihe.codes were written in Fortran 77 programming language and
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all results were run on one login node of Lipscomb HPC Cluster at the University of

Kentucky. The node has Dual Intel E5-2670 8 Core with 2.6GHz and 128GB RAM.
6.4.1 Test problem 1

The first test problem is a pure diffusion equation in the unit square domain [0, 1] x
0, 1], with diffusion coefficients a = b = 1 (and p = ¢ = 0). The analytical solution

to this problem is given by
u(z,y,t) = exp(—272t) sin(rx) sin(ry).

The initial condition and Dirichlet boundary condition are directly taken from this
solution.

We tested two ADI-CRE methods and compared them with the HOC-ADI method
on a uniform grid with different mesh-sizes. Assume Az = Ay = h. The numerical re-
sults are given in Table 6.1. The ADI-CRE(I) method uses the completed Richardson
extrapolation once after the final coarse time step. The ADI-CRE(II) method uses
the extrapolation technique after each coarse time step. We compared their accuracy
under the L2-norm error with respect to the analytic solution and the convergence
rate. In Table 6.1, we chose At = h? and T' = 0.25 for the verification of sixth-order
accuracy in space. We find that the solutions from the ADI-CRE methods are more
accurate than those from the HOC-ADI method under the same mesh-size. We also
recorded the CPU time for them and noticed that the ADI-CRE methods took slightly
longer time than the HOC-ADI method because of the extrapolation computation.
This extra time is worth the evident improvement on accuracy. When we compared
the two ADI-CRE methods, they had very close performances. Although the errors
from the ADI-CRE(II) method are slightly smaller than those from the ADI-CRE(I)
method, the price is to marginally increase computing time for more extrapolation
procedures.

Lo Table 6:2;swe fixed the mesh-size as Ar = Ay = h = 1/40 and computed

115

www.manaraa.com



Table 6.1: L2norm errors, CPU time in seconds and the convergence rate in space
with » = 1/N and At = h? at T = 0.25 for Problem 1.

Strategy N Error CPU time Rate
HOC-ADI 20 8.525e-7 0.004 -
40  5.345e-8 0.077 4.00
80  3.341e-9 0.849 4.00
160 2.088e-10 8.973 4.00
ADI-CRE(I) 20 1.856e-8 0.005 -
40  2.881e-10 0.081 6.01
80  4.493e-12 0.954 6.00
160 6.671e-14 9.304 6.07
ADI-CRE(II) 20  1.567e-8 0.005 -
40  2.604e-10 0.083 5.91
80  4.133e-12 1.119 5.98
160  6.080e-14 9.704 6.09

for T'= 0.5 with various time step sizes. We observe that, for the errors, the ADI-
CRE methods decrease faster than the HOC-ADI method with the reduction in time
step size. Therefore, the completed Richardson extrapolation effectively improves the
temporal accuracy. The convergence rate of ADI-CRE(I) verifies that the order of
time accuracy can reach near to fourth-order. Moreover, the results of ADI-CRE(II)
show that the extrapolation technique is more effective at improving the accuracy of

numerical solutions when it is applied after each coarse time step.

Table 6.2: L2-norm errors, CPU time in seconds and the convergence rate in space
with h = 1/40 at T = 0.5 for Problem 1.

Strategy At Error CPU time Rate
HOC-ADI 1/40 1.274e-6 0.004 -
1/80  3.224e-7 0.008 1.98
1/160  8.082e-8 0.016 2.00
1/320  2.019e-8 0.031 2.00
ADI-CRE(I) 1/40  3.109e-7 0.005 -
1/80  2.167e-8 0.009 3.84
1/160  1.665e-9 0.016 3.70
1/320 1.846e-10 0.033 3.17
ADI-CRE(II) 1/40  8.170e-7 0.005 -
1/80 6.625e-8 0.009 3.62
1/160 3.101e-10 0.017 7.74
1/320  6.012e-11 0.034 2.37
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In Fig. 6.2, we plotted the L?norm errors at each coarse time step in each case.
The figure shows the superiority of the ADI-CRE method over the HOC-ADI method.
The error obtained on a 40 x 40 grid using the ADI-CRE method is much smaller
than the one obtained using the HOC-ADI method on a 80 x 80 grid.

-+ HOC-ADI h=1/40
Ll N B ADI-CRE h=1/40
ST e -~~~ HOC-ADI h=1/80|
1E-7 o T — ADI-CRE h=1/80
5 1E8Y
E 1E9y/
5 ,
S
N 1E-10
1E-11
1E-12
1E-13

Time t(s)

Figure 6.2: Comparison of the L2-norm errors produced by the CRE-ADI(II) method
and the HOC-ADI method at each coarse time step for Problem 1.

6.4.2 Test problem 2

Next, we consider a special problem defined in the square domain [0, 2] x [0, 2], with

an analytical solution given, as in [41], by

(x —pt =05  (y—gqt— 0.5)2]
a(dt 1 1) b(4t + 1)

U(l’,y, t) = exp[—

4t +1

The Dirichlet boundary and the initial conditions are directly taken from this solution.
For the sake of comparison, we chose a = b= 0.01 and p =¢ =0.8.

The comparison between the ADI-CRE method and the HOC-ADI method are
presented in Tables 6.3 and 6.4. All computation were ran on a uniform grid with

A Ay — Analogously, we tested two ADI-CRE methods. The ADI-CRE(I)

117

www.manharaa.com



Table 6.3: L?norm errors, CPU time in seconds and the convergence rate in space
with o = 2/N and At = h* at T = 0.5 for Problem 2.

Strategy N Error CPU time Rate
HOC-ADI 20 8.307e-3 0.005 -
40  8.999¢-4 0.078 3.21
80  6.000e-5 0.868 3.91
160 3.762e-6 8.967 4.00
ADI-CRE(I) 20 7.637e-3 0.005 -
40  5.572e-4 0.085 3.78
80  1.207e-5 0.916 5.53
160  1.773e-7 9.266 6.09
ADI-CRE(II) 20 6.207e-3 0.005 -
40  4.396e-4 0.087 3.82
80  1.006e-5 0.980 5.45
160 1.663e-7 9.741 5.92

applies the completed Richardson extrapolation once after the final coarse time step.
The ADI-CRE(II) uses the extrapolation technique after each coarse time step. Both
tables show that the solutions from the ADI-CRE methods are more accurate than
those from the HOC-ADI method, yet the extrapolation procedure needs slightly more
CPU time. Compared with the ADI-CRE(I) method, the ADI-CRE(II) method took
more CPU time to compute more accurate solutions. In Table 6.3, we halved the
mesh-size and computed numerical solutions by using different methods. We notice
that, in the spatial domain, the ADI-CRE method achieves the sixth-order accuracy,
while the HOC-ADI method has the fourth-order accuracy. Table 6.4 verifies that
the proposed method effectively improves the accuracy in the temporal domain. The
ADI-CRE method has the fourth-order accuracy in time, which is consistent with our
expectation.

The L?-norm errors at each coarse time step in each case were plotted in Fig. 6.3.
This figure shows that the errors from both methods have the same behavior. The
errors after applying the completed Richardson extrapolation remain smaller than

the error directly from the HOC-ADI scheme.

118

www.manaraa.com



Table 6.4: L?-norm errors, CPU time in seconds and the convergence rate in space
with h =1/80 at T'= 1.0 for Problem 2.

Strategy At Error  CPU time Rate
HOC-ADI 1/20  3.103e-3 0.073 -
1/40  7.653e-4 0.145 2.02
1/80  1.900e-4 0.291 2.01
1/160  4.699e-5 0.580 2.02
ADI-CRE(I) 1/20  3.446e-3 0.079 -
1/40  4.000e-4 0.156 3.11
1/80  2.593e-5 0.309 3.95
1/160 1.616e-6 0.611 4.01
ADI-CRE(II) 1/20 1.264e-3 0.080 -
1/40  1.057e-4 0.160 3.58
1/80  8.962e-6 0.318 3.56
1/160  1.096e-6 0.633 3.03

0.014

5 -~ HOC-ADI h=1/20
-~ ADI-CRE h=1/20
,,,,,, HOC-ADI h=1/40
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Figure 6.3: Comparison of the L2-norm errors produced by the CRE-ADI(II) method
and the HOC-ADI method at each coarse time step for Problem 2.
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6.5 Concluding Remarks

We proposed a higher-order ADI method with completed Richardson extrapolation
(ADI-CRE) for solving unsteady 2D convection-diffusion equations. The method has
sixth-order accuracy in space and fourth-order accuracy in time. The von Neumann
stability analysis is performed to show that the Richardson extrapolation computa-
tion affects the stability of the numerical solutions. The ADI-CRE method, which
involves the extrapolation procedure after every coarse time step, has a wide stability
range for diffusion-dominated equations, but strict stability conditions for convection-
dominated equations. When only carrying out the extrapolation procedure once after
the final coarse time step, the stability of ADI-CRE method depends on the high-
order ADI method bound with. To demonstrate the high accuracy and efficiency of
the ADI-CRE method, numerical experiments were conducted on two test problems.
The computational results show that the present ADI-CRE method successfully im-
proves the order of accuracy in spatial and temporal domains simultaneously. Finally,
it is worth pointing out that the completed Richardson extrapolation can work with
other ADI methods to compute high accuracy solutions for other types of time depen-
dent equations. With different ADI methods, Richardson extrapolation computation

will influence the stability in different ways. We will discuss these topics in the future.

Copyright (© Ruxin Dai 2014
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7 Conclusion and Future Work

This dissertation presents the research work in scientific computing to develop high ac-
curacy and high efficiency scalable numerical algorithms for solving large scale partial
differential equations. This work involves Richardson extrapolation applications, high
order discretization of partial differential equations, efficient solvers for discretizaed
linear systems, truncation error analysis, von Neumann linear stability analysis, and
numerical verifications. In this chapter, I will summarize my dissertation work and

present some future research topics.

7.1 Research Accomplishments

In computational science and engineering (CSE) field, numerical solutions of partial
differential equations (PDEs) play a vital role in various computer modeling and sim-
ulation applications. This dissertation proposed a series of numerical algorithms to
achieve both high accuracy and high efficiency goals simultaneously. The high or-
der accuracy is reached by using high order compact (HOC) difference discretization
schemes and Richardson extrapolation. The high computational efficiency is attained
by using efficient linear system solvers and multiple coarse grid (MCG) computation.
The multiscale multigrid (MSMG) method is used to integrate high accuracy and
high efficiency in the same framework. The HOC difference schemes mainly provide
fourth-order accurate solutions on two different scale grids. Richardson extrapolation
utilizes the two fourth-order solutions to obtain a sixth-order solution on the coarse
grid. The linear system solvers, such as multigrid methods and alternative direc-
tion implicit (ADI) methods, are able to solve the resulting linear systems from the
discretized PDEs very efficiently. The structure of multiple coarse grids enables an ef-
ficient computation for fine grid sixth-order solutions. The MSMG method combines

the Richardson extrapolation-based high accuracy computation and the multigrid
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computation in the same framework by using the multiscale strategy.

Multiple Coarse Grid Updating Strategy

A new fine grid updating strategy based on multiple coarse grids is developed to
accelerate the Richardson extrapolation-based MSMG computation. The sixth-order
solution from Richardson extrapolation is on the coarse grid. An existing strategy to
obtain sixth-order solutions for fine grid points is to iteratively perform an operator
based interpolation on the fine grid in a specific sequence. However, this procedure
equals to an iterative refinement procedure, which has a slow convergence rate and
requires a lot of CPU time. In order to curtail the CPU cost, a direct calculation
method is proposed to replace the existing iterative procedure for computing fine grid
sixth-order solutions. Through combining different fine grid points to virtually gen-
erate various non-uniform coarse grid views, sixth-order solutions of fine grid points
can be directly solved group by group. Based on this idea, the MCG updating strat-
egy is developed for 2D and 3D problems, respectively. The MSMG method with
Richardson extrapolation and MCG updating strategy was tested to solve 2D and 3D

steady-state PDEs, which are presented in Chapters 2 and 3.

Sixth-order Solution with Completed Richardson Extrapolation

The completed Richardson extrapolation was applied to compute sixth-order solu-
tions on the entire fine grid. Although people usually use the extrapolated sixth-
order coarse grid solution to seek appropriate interpolation process for computing
sixth-order fine grid solution, the proposed method uses the correction between the
fourth order solution and the extrapolated sixth-order solution on the coarse grid to
estimate the fine grid fourth-order error, which can be added back to the fourth-order

solution and thus obtain the sixth-order solution oh the fine grid. Since the completed
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Richardson extrapolation involves simple calculations, the proposed method is able

to achieve high accuracy with low CPU costs.

Truncation Error Comparison among Three Richardson extrapolation-
based Sixth-Order Methods

We discussed three Richardson-extrapolated sixth-order methods for solving PDEs.
Although all of these methods can reach sixth-order solutions on the entire fine grid,
they generate different errors due to different strategies for computing improved fine
grid solutions. These strategies are iterative operator based interpolation, multiple
coarse grid updating strategy, and completed Richardson extrapolation. The trunca-
tion error analysis was conducted on these methods respectively for the purpose of

accuracy comparison.

Higher-order ADI Method with Completed Richardson Extrapolation

The Richardson extrapolation technique was extended to high accuracy and high ef-
ficiency computation for unsteady 2D convection-diffusion equations. The proposed
ADI-CRE method incorporates Karra-Zhang’s high-order ADI (HOC-ADI) method
and completed Richardson extrapolation. On one hand, by constructing special coarse
grids, the completed Richardson extrapolation method can effectively improve the or-
der of computed solution from the HOC-ADI method in spatial and temporal domains
simultaneously. On the other hand, involving ADI scheme guarantees high compu-
tational efficiency. The ADI-CRE method has sixth-order accuracy in space and

fourth-order accuracy in time.

Stability Analysis on Numerical Methods with Richardson Extrapolation

For numerical solutions of unsteady-state equations, stability is a key issue to be con-
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sidered. In order to examine the influence of Richardson extrapolation upon other nu-
merical methods on stability, the von Neumann linear stability analysis was conducted
on the ADI-CRE method. We find that the Richardson extrapolation procedure un-
dermines the stability of the underlying method. When Richardson extrapolation
is applied to the solution computed from the HOC-ADI method, which is uncondi-
tionally stable, at every coarse time step, the solution becomes conditionally stable.
The range of stability is affected by convection coefficients and the underlying ADI

method.

7.2 Future Work

This dissertation has explored some fundamental work related to high accuracy high
efficiency scalable numerical solutions for PDEs. However, it is the first step in
developing useful computational frameworks for solving large scale PDEs in CSE
applications. In the near future, I will continue my research on improving MSMG
computation with multiple coarse grids, developing high accuracy and high efficiency
numerical solutions for unsteady-state PDEs, and using numerical methods to solve

application problems.

Multiple Coarse Grid MSMG Computational Framework

In Chapters 2 and 3, I used multiple coarse grids to eliminate the fine grid iterative
refinement process for high-order solution computation. Besides this benefit, the mul-
tiple coarse grids could be used to build a scalable, reliable, and concurrent MSMG
computational framework. Since the MSMG method involves multigrid computation,
it leads to different problem sizes (number of unknowns) on different grid levels. The
key issue for efficiently using multiple processor architectures in the current gener-
ation supercomputers is to maintain the amount of the computation (the problem

size) at all levels of the multigrid computation. This entails at least two issues to
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work: (1) Use multiple coarse grids to accelerate the convergence rate of multigrid
computation like in the superconvergent multigrid method. (2) Use multiple coarse
grids to independently compute sixth-order solutions for different groups of fine grid

points.

High Accuracy High Efficiency Computation for Unsteady-State PDEs

In Chapter 6, completed Richardson extrapolation was combined with a special ADI
method to improve the order of solution accuracy in time and space effectively, how-
ever, there are still many issues worthy of further study. For example: (1) How
does the selection of underlying ADI methods affect the solution accuracy and sta-
bility? (2)Is it possible to apply the idea of multiple coarse grid updating strategy
with Richardson extrapolation for high accuracy and high efficiency computation for
unsteady-state PDEs? (3) What computational strategies are appropriate for high
accuracy and high efficiency computation for hard problems, such as convection-
dominated equations with large Reynolds number, Neumann boundary conditions,

discontinuous coefficients, non-rectangular domains and etc.?

Numerical Methods Application in Financial Engineering

Numerical computational methods have been widely used in the attractive field of op-
tion pricing, which is a core task of financial engineering and risk analysis. The famous
Balck-Scholes equation, which represents the most prominent financial market model,
is essentially an unsteady-state convection-diffusion equation. Therefore, numerical
methods for PDEs (such as finite difference methods and finite element methods)
are very important methods for financial options [63]. The Richardson extrapolation
techniques are also used to enhance the computational efficiency and/or accuracy of

option pricing in the literature [3, 8, 10]. At present, Crank-Nicolson method has been
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successfully used to solve Black-Scholes equation and reached second-order accuracy.
The techniques discussed in this dissertation for computing high-order accuracy so-
lutions for PDEs with high computational efficiency are possible to apply for solving
PDEs like Black-Scholes equation in financial engineering. I would like to collaborate

with experts in finance to study computational techniques for financial models.

Copyright (© Ruxin Dai 2014
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Appendix A
The coefficients of the 9-point FOC scheme for the 2D

convection-diffusion equation with unequal mesh-size discretization

For the 9-point FOC scheme Eq. (2.21), the coefficients and right-hand side are

given by
2\2 | 212 2 2 2
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~ AL® (pogoX® + pogo))

ag =

8 22
Az (2g0N° = 2poA® + pad® — pad® 4+ 2g0A + A — 3N —2pg) 1 (—4N —4)
8 2 s a2
Az? Az
F= T[Sfo +fi+fot+ fa+ fa+ T[Po(ﬁ — f3) + qoA(fa — fa)l,
where \ = %.
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Appendix B
The coefficients of the 19-point FOC scheme for the 3D

convection-diffusion equation with unequal mesh-size discretization

For the 19-point FOC scheme Eq. (3.7), the coefficients and right-hand side are

given by
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